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Abstract

This paper presents a reappraisal of the well known peak shape expressions for calculating the activation energy E in a thermolumi-
nescence (TL) glow-peak. This study leads to new insights as to the meaning of the coefficients used in the original equations. The reap-
praisal leads to new equations for the coefficients of the peak shape expressions which contain the general order parameter b, instead of
the experimentally determined geometrical shape factor which is used in the original equations. Previously only the coefficients for first
and second order kinetics were determined on the basis of existing theory and the coefficients for intermediate kinetics order were deter-
mined empirically using a linear interpolation–extrapolation method. In the present work the improved peak shape coefficients are eval-
uated in analytical form as a function of the kinetic order b, by using the general order kinetics expression for the TL intensity. The
intrinsic errors in the newly derived expressions for E are evaluated and their relevance to experimental work is discussed in detail. A
method for a further improvement of the accuracy of the peak shape methods is suggested.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The shape of a thermoluminescence (TL) glow-peak is
the basis of important and convenient methods for calcu-
lating the trapping parameters of distinct energy levels
within the crystal. These methods are based on measure-
ments of a few points on the glow-peak, shown in Fig. 1.
Early work on the development of such expressions con-
centrated on the development of convenient expressions
for calculating the activation energy E of trapping levels
[1–3]. The term peak shape methods is reserved in the TL
literature for such methods, although there are other meth-
ods for finding E which are also based on the glow-peak
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shape (i.e. curve fitting methods) [4,5]. The seminal work
by Chen [6] is a reference point in the derivation of the
peak shape methods. Chen [6] summarized all pre-existing
methods and gave a detailed methodology for deriving the
coefficients of the expressions for first and second order
kinetics only.

The coefficients used in the peak shape methods for the
intermediate kinetic orders were also evaluated by Chen [7]
by (i) evaluating the coefficients for first order kinetics, (ii)
calculating the coefficients for second order kinetics and
(iii) using a linear interpolation–extrapolation method to
obtain expressions for the intermediate kinetic orders as a
function of the symmetry factor lg, which was found to
be between 0.42 and 0.52 for first and second order kinetics
respectively.

The expressions derived by Chen have been used exten-
sively over the last 35 years. Although the intermediate
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Fig. 1. The characteristics points on a TL glow-peak, which define the
peak-shape parameters.
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kinetics order expressions are in fact approximations, they
proved to be very accurate in practice. However, their suc-
cess has not been explained on a theoretical basis before.
Moreover, the characteristic parameter of the kinetic order
b is completely absent from both the derivation method
and the final expressions for E.

The aim of the present work is (i) to provide a theoret-
ical foundation to the peak shape methods coefficients as a
function of the kinetics order b, (ii) based on this theoreti-
cal foundation, to explain why the original Chen expres-
sions for intermediate kinetic orders are so accurate, (iii)
to evaluate the intrinsic errors in the newly derived expres-
sions for E and discuss their relevance to experimental
work and finally (iv) to suggest a method for further
improvement of the accuracy of the expressions.

1.1. Analytical TL expressions

The general order kinetics equation is [4,5,8]:

IðT Þ ¼ � dn
dt
¼ s0nb exp � E

kT

� �
; ð1Þ

where n (cm�3) is the concentration of electrons in traps, E

(eV) is the activation energy, b the kinetic order, not neces-
sarily 1 or 2, s 0 (m3(b�1)s�1) the pre-exponential factor and
T (K) the temperature. It is noted that this is an empirical
equation which has been found useful in representing ade-
quately experimental TL glow curves in various materials.
The solution of Eq. (1) for b 5 1 and a linear heating rate b
is [5]:

I ¼ nb
0s0 exp � E

kT

� �
1þðb�1Þs0nb�1

0

b

Z T

T 0

exp � E
kT 0

dT 0
� �� �� b

b�1

:

ð2Þ

The condition for maximum TL intensity is found by
equating the derivative of Eq. (2) to zero to obtain
1þ ðb� 1Þs0nb�1
0

b

Z T m

T 0

exp � E
kT

� �
dT

¼ bs0nb�1
0 kT 2

m

bE
exp � E

kT m

� �
; ð3Þ

where Tm is the temperature at glow-peak maximum inten-
sity. The integral on the left-hand side of Eq. (3) can be
approximated using a certain number of terms of the
asymptotic series:Z T

T 0

exp � E
kT 0

dT 0
� �

ffi T exp � E
kT

� �X
n¼1

kT
E

� �n

ð�1Þn�1n!

ð4Þ

Usually Eq. (4) is a very good numerical approximation,
and only the first two terms of the series need to be taken
into account, so that Eq. (3) yields

bE

kT 2
m

¼ nb�1
0 s0 exp � E

kT

� �
ð1þ ðb� 1ÞDmÞ; ð5Þ

where Tm is the temperature at glow-peak maximum inten-
sity, Im and Dm = 2kTm/E.

2. Geometrical characteristics of a single glow-peak

The peak shape methods are based on certain character-
istics of a single glow-peak, shown in Fig. 1, the peak max-
imum temperature Tm and the temperatures at half
maximum TL intensity T1 and T2 at the low and high tem-
perature side of the glow-peak respectively. These quanti-
ties are used to define further the widths x = T1 � T2,
d = T2 � Tm and s = Tm � T1 as well as the symmetry fac-
tor of the glow-peak lg = d/x.

The derivation of the existing peak shape methods are
based on the so called triangle assumption, which can be
expressed in three different ways, each one leading to an
individual family of peak shape methods. In the form given
by Chen [5,6] these are

xIm

bn0

¼ Cx; ð6Þ

dIm

bnm

¼ Cd; ð7Þ

sIm

bðn0 � nmÞ
¼ Cs; ð8Þ

with

nm ¼
Z 1

tm

I dt; ð9Þ

where Im is the peak maximum intensity, nm the high tem-
perature half integral of the glow-peak, tm the time at peak
maximum intensity and Cx, Cd and Cs are quantities which
characterize the kinetic order. These quantities were found
to vary extremely slowly for a given kinetic order and for a
very wide range of kinetic parameters (E, s) and are called
pseudo-constants. These pseudo-constants vary little for all
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glow-peaks derived using activation energies in the region
0.1–1.6 eV and frequency factors in the region between
105 and 1013 s�1 [6]. Their values can be estimated as a
function of the kinetic order by producing synthetic
glow-peaks using Eq. (2).

In order to derive the peak shape formulae using Eqs.
(6)–(8), one has to evaluate the terms Im/n0, nm/n0 and
Im/nm from the analytical TL expressions.
3. Derivation of Im/n0, nm/n0 and Im/nm

3.1. Derivation of Im/n0

From Eq. (2) considering I(Tm) = Im we obtain

Im

n0

¼ nb�1
0 s0 exp � E

kT m

� �
1þðb�1Þs0nb�1

0

b

Z T m

T 0

exp � E
kT 0

� �
dT 0

� �� b
b�1

:

ð10Þ

Using the exact condition for the TL peak maximum
given by Eq. (3), we have after some algebra:

Im

n0

¼ nb�1
0 s0e�

E
kT

h i� 1
b�1 bkT 2

m

bE

� �� b
b�1

: ð11Þ

Using the approximate condition for the TL peak max-
imum given by Eq. (5), yields:

Im

n0

¼ bE

kT 2
m

1

1þ ðb� 1ÞDm

" #� 1
b�1

bkT 2
m

bE

� �� b
b�1

; ð12Þ

and after some algebra one obtains

Im

n0

¼ b�
b

b�1
1

1þ ðb� 1ÞDm

� �� 1
b�1 kT 2

m

bE

� ��1

ð13Þ

and finally,

Im

n0

¼ b�1 b
1þ ðb� 1ÞDm

� �� 1
b�1 bE

kT 2
m

 !
: ð14Þ
3.2. Derivation of nm/n0 and Im/nm

Solving Eq. (1) for nm we have

�
Z nm

n0

dn
nb
¼ s0

b

Z T m

T 0

exp � E
kT 0

� �
dT 0: ð15Þ

From Eq. (15) after some algebra we obtain

nm ¼ n0 1þ ðb� 1Þs0nb�1
0

b

Z T m

T 0

exp � E
kT 0

� �
dT 0

� � 1
1�b

: ð16Þ

Using the exact condition for the maximum given by Eq.
(3) one obtains for the term nm/n0:

nm

n0

¼ bs0nb�1
0 kT 2

m

bE
exp � E

kT m

� �� �� 1
b�1

: ð17Þ
Using the approximate condition for the maximum
given by Eq. (5) one obtains

nm

n0

¼ b
1þ ðb� 1ÞDm

� �� 1
b�1

: ð18Þ

According to Halperin and Braner [3] the quantity nm/
n0, which represents the ratio of the high temperature half
integral of a glow-peak over its total integral is the geomet-
rical symmetry factor, let us say l0g of a glow-peak, which
differs very slightly from the commonly used symmetry fac-
tor lg defined above. According to Halperin and Braner [3]
glow-peaks with a symmetry factor around (1 + Dm)/e are
of first order and glow-peaks with symmetry factor
(1 + Dm)/2 (see Eq. (18), for b = 2) are of second order.
Obviously the symmetry factor of intermediate kinetic
orders can be obtained from Eq. (18) for given values of
b and Dm. For a given order of kinetics, the symmetry fac-
tor is not a fixed number but rather a very slowing varying
quantity with the parameters (E, s), i.e. a pseudo-constant.

Historically, the notation lg was used for the symmetry
factor nm/n0 and not for the ratio d/x. However, in this
paper we use the commonly used notation of lg = d/x.

By dividing Eq. (14) over Eq. (18) one obtains

Im

nm

¼ 1

b
bE

kT 2
m

: ð19Þ
4. Methods based on the total width (x)

Eq. (6) can be re-written as

Im

bn0

¼ Cx

x
: ð20Þ

Using Eq. (14) we obtain

Im

bn0

¼ b�1 b
1þ ðb� 1ÞDm

� �� 1
b�1 E

kT 2
m

 !
; ð21Þ

and finally combining Eqs. (20) and (21) we have

E ¼ Cx � b
b

1þ ðb� 1ÞDm

� � 1
b�1

� kT 2
m

x
: ð22Þ

Since (b � 1)Dm is less than unity, the following approx-
imation, which introduces an error of less than 1%, can be
used

ð1þ ðb� 1ÞDmÞ
1

b�1 ffi 1þ b� 1

b� 1
Dm ¼ 1þ Dm; ð23Þ

E ¼ Cx � b
b

b�1
1

1þ Dm

� �
� kT 2

m

x
; ð24Þ

or

Eð1þ DmÞ ¼ Cx � b
b

b�1 � kT 2
m

x
; ð25Þ



Table 1
The numerical values as a function of the kinetic order of the part fa(b) of
the coefficients in peak shape methods expressions given by Eqs. (26), (28)
and (34)

b fx(b) = bb/(b�1) fd(b) = b fs(b) = b(b1/(b�1) � 1) bsðbÞ ¼ b1=ðb�1Þ

b1=ðb�1Þ�1

� �
1.0 2.7200 1.0 1.778 1.5820
1.1 2.8531 1.1 1.753 1.6275
1.2 2.9860 1.2 1.786 1.6719
1.3 3.1171 1.3 1.817 1.7154
1.4 3.2467 1.4 1.847 1.7581
1.5 3.3750 1.5 1.875 1.8000
1.6 3.5020 1.6 1.902 1.8412
1.7 3.6280 1.7 1.928 1.8817
1.8 3.7528 1.8 1.953 1.9218
1.9 3.8768 1.9 1.970 1.9600
2.0 4.0000 2.0 2.000 2.0000
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and finally by solving for E,

E ¼ Cx � b
b

b�1 � kT 2
m

x
� 2kT m: ð26Þ

The last equation shows that the coefficient of the term
kT 2

m=x consists of two terms, Cx and fx(b) = bb/(b�1). The
quantity Cx is the respective triangle assumption pseudo-
constant which has to be evaluated by simulation, whereas
the values of fx(b) depend on the kinetic order b and are
listed in Table 1. This equation is of the same form as
the well-known Chen expression, but it contains explicitly
the kinetic order b and is derived here from analytical
expressions, while previously it was obtained using a linear
interpolation–extrapolation technique.

5. Methods based on the high temperature half-width (d)

Eq. (7) can be re-written as

Im

bnm

¼ Cd

d
ð27Þ

and by taking into account Eq. (19) one obtains

E ¼ Cd � b �
kT 2

m

d
: ð28Þ

The coefficient of the term kT 2
m=d consists of two terms,

Cd and fd(b) = b. The term Cd is the respective triangle
assumption pseudo-constant which has to be evaluated
by simulation, whereas the values of cd(b) are fixed num-
bers for a given b. The evaluated values of fd(b) are listed
in Table 1.

6. Methods based on the low temperature half-width (s)

Eq. (8) can be re-written as

n0

nm

� 1 ¼ s
Cs

Im

bnm

: ð29Þ

Replacing the terms Im/bnm and n0/nm from Eqs. (19)
and (18) respectively, one obtains after some algebra
Es ¼ Cs � b �
b

1þ ðb� 1ÞDm

� � 1
b�1

� 1

" #
� kT 2

m

s
: ð30Þ

Taking into account Eqs. (23), (30) becomes

Es ¼ Cs � b �
b

1
b�1

1þ Dm

 !
� 1

" #
� kT 2

m

s
: ð31Þ

By using the approximation below, which introduces an
error of less than 1%.

b1=ðb�1Þ

1þ Dm

ffi b1=ðb�1Þð1� DmÞ: ð32Þ

Eq. (31) after some manipulation gives:

Es ¼ Cs � b �
kT 2

m

s
� b

1
b�1 � 1

� �
� Cs � b � kT 2

m

s

� b
1

b�1 � 1
� �

� b
1

b�1

b
1

b�1 � 1
� 2kT m

Es
: ð33Þ

The first term in this equation is the dominant term in
determining the value of Es, while the second term repre-
sents a small correction. If the Es appearing in the second
term of the right hand side of Eq. (33) is replaced by the
first term of the right hand side of Eq. (33), then with a loss
of less than 1% in accuracy, Eq. (33) can be written as

Es ¼ Cs � b � b
1

b�1 � 1
� �

� kT 2
m

s
� b1=ðb�1Þ

b1=ðb�1Þ � 1

 !
� ð2kT mÞ:

ð34Þ
The first coefficient in the last equation consists of two

terms, Cs and fs(b) = b(b1/(b�1) � 1). The term Cs is the
respective triangle assumption pseudo-constant which has
to be evaluated by simulation, whereas the values of fs(b)
are fixed numbers for a given b. The evaluated values of
fs(b) are listed in Table 1. Similarly the second coefficient
bs(b) = (b1/(b�1))/(b1/(b�1) � 1) is a fixed number for given
kinetic order and its values are also listed in Table 1.

7. Numerical simulation

The numerical simulation of synthetic glow-peaks was
performed by using very broad regions of the trapping
parameters, in order to cover as many practical cases as
possible. For the sake of simplicity the Rasheedy version
[9] of the general order equation is used in which n0 = N,
one can use directly the value of s in s�1. The activation
energy region was varied between 0.7 eV and 2 eV in steps
of 0.1 eV (14 values). The frequency factor was inserted in
the form s = exp(A) with A ranging between 16 and 46 in
steps of 1 (30 values), covering a region between 107 and
1020 s�1. From all possible glow-peaks corresponding to
the (E, s) pairs in these wide regions of (E, s), only those
having their glow-peak maximum temperature in the prac-
tical range 200–800 K were considered.

The kinetic order was varied from 1.1 to 2 in steps of 0.1.
The general order expression given by Eq. (2), does not hold
for b = 1. However, it holds for values of b which are very
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close to 1. It was found that for b = 1.0005 the general order
expression given by Eq. (2) approximates the TL intensity
for first order kinetics accurately, up to the fifth significant
digit [10]. Therefore the value of b = 1.0005 was chosen to
represent the case of first order kinetics through the general
order kinetics expression. In total, 420 synthetic glow-peaks
were produced for each one of the 11 kinetic orders. The
mean values evaluated and listed in subsequent sections
are the average of more than 400 values.

In order to ensure an accurate determination of the var-
ious parameters, a very small temperature step is necessary.
In the present simulation the TL intensity was evaluated
every 0.005 K; this corresponds to 1.2 · 105 points being
evaluated for each glow-peak.

7.1. Evaluation of Cx, Cd and Cs

From Eqs. (26), (28) and (34) it is seen that in order to
evaluate the coefficients in front of the peak shape meth-
ods, the values of the pseudo-constants Cx, Cd and Cs must
be found.

For the simulation of synthetic glow-peaks the exponen-
tial integral appearing in Eq. (2) was not approximated by
the usual asymptotic series, since the software used con-
tains this integral as a built-in function.

The values of the pseudo-constants Cx, Cd obtained from
the simulation are listed in Table 2, whereas Fig. 2 shows
their behavior as a function of the symmetry factor. The pre-
sentation of these pseudo-constants as a function of the sym-
metry factor is preferable to using the kinetic order b, since
the symmetry factor is an experimentally measured quantity.

During the simulations described in this paper it is pos-
sible to perform two tests. The first test concerns Eqs. (22),
(28) and (30). This test evaluates the output values of acti-
vation energy using the values of the pseudo-constants Cx,
Cd, Cs and Tm evaluated within the same simulation. The
aim here is to test the accuracy of the above equations.
The results showed that the output activation energies val-
ues coincide with the input E values, ensuring the correct-
ness of these equations.

The second test concerns Eqs. (22) and (30). For the der-
ivation of these Equations two approximations were used,
Table 2
The values of the triangle assumption pseudo-constants Cx, Cd and Cs resultin
mean values of symmetry factor, lg, as a function of the kinetic order

b lg Cx

1.0 0.4185 ± 0.0034 0.9134 ± 0.0029
1.1 0.43139 ± 0.0036 0.9115 ± 0.0025
1.2 0.4440 ± 0.0036 0.9091 ± 0.0020
1.3 0.4556 ± 0.0037 0.9061 ± 0.0017
1.4 0.4666 ± 0.0037 0.9028 ± 0.0014
1.5 0.4761 ± 0.0038 0.8992 ± 0.0009
1.6 0.4854 ± 0.0037 0.8955 ± 0.0006
1.7 0.4939 ± 0.0040 0.8916 ± 0.0003
1.8 0.5019 ± 0.0037 0.8877 ± 0.0002
1.9 0.5094 ± 0.0037 0.8837 ± 0.0005
2.0 0.5167 ± 0.0030 0.8796 ± 0.0008
given by Eqs. (23) and (32). The second test, therefore,
evaluates output values of the activation energies using
the individual values of the pseudo-constants Cx and Cs

evaluated during the simulation, aiming to estimate the
influence of these approximations. The agreement between
the input and output E values is estimated by the error
Ein�Eout

Ein
� 100, which is shown in Fig. 3. The left-hand side

figure concerns the x expression described by Eq. (22)
and the right-hand side of the figure concerns the s expres-
sion from Eq. (30). Note that each one of the figures con-
tains 3200 (E, s) pairs. As it is seen from the figures, in the
majority of cases the errors are less than 0.5% for the case
of x and less that 0.4% for the case of s. These small per-
cent errors represent the influence of the approximations
given by Eqs. (23) and (32).

7.2. Evaluation of cx, cd, cs and bs

The general form of the peak shape methods given by
Chen [7,5] is

Ea ¼ ca �
kT 2

m

a
� ba � ð2kT mÞ; ð35Þ

where the index a stands for x, d and s.
g as the mean values of all (E, s) pairs from the simulations along with the

Cd Cs

0.9806 ± 0.001 0.8706 ± 0.0047
0.9655 ± 0.001 0.8745 ± 0.0045
0.9512 ± 0.0018 0.8781 ± 0.0044
0.9374 ± 0.002 0.8813 ± 0.004
0.9251 ± 0.0024 0.8842 ± 0.004
0.9133 ± 0.0028 0.8870 ± 0.004
0.9022 ± 0.003 0.8894 ± 0.0039
0.8916 ± 0.003 0.8918 ± 0.0038
0.8818 ± 0.0035 0.8937 ± 0.0036
0.8724 ± 0.0038 0.8957 ± 0.0035
0.8635 ± 0.004 0.8946 ± 0.0033
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Chen [6,7] evaluated the coefficients ca and ba for first
and second order kinetics and used an interpolation–
extrapolation method to evaluate the values for intermedi-
ate order kinetics. His final expressions are

cx ¼ 2:52þ 10:2ðlg � 0:42Þ bx ¼ 1; ð36Þ
cd ¼ 0:976þ 7:3ðlg � 0:42Þ bd ¼ 0; ð37Þ
cs ¼ 1:51þ 3ðlg � 0:42Þ bs ¼ 1:58þ 4:2ðlg � 0:42Þ: ð38Þ

Using the values of the pseudo-constants Cx, Cd and Cs,
which were evaluated in the simulation and are listed in
Table 2, the new values for the coefficients ca and ba are
evaluated through Eqs. (26), (28) and (34). Their values
as a function of kinetic order are listed in Table 3.

The new values of ca and ba are compared with the ori-
ginal expressions of Chen in Figs. 4–7. In these figures it is
seen that the new values of the coefficients evaluated in the
present work are slightly non-linear as a function of the
symmetry factor. On the other hand the values of the coef-
ficients derived by Chen lie on a straight line which is very
close to the non-linearity obtained in the present work. The
differences are due to the interpolation–extrapolation
method used during their evaluation. The agreement in
Table 3
The net values of the peak shape methods coefficients as a function of the
kinetic order

b cx cd cs bs

1.0 2.4845 ± 0.0079 0.9806 ± 0.0011 1.4955 ± 0.0081 1.5820
1.1 2.6006 ± 0.0071 1.0620 ± 0.0011 1.5330 ± 0.0079 1.6275
1.2 2.7146 ± 0.0060 1.1414 ± 0.0022 1.5683 ± 0.0079 1.6719
1.3 2.8244 ± 0.0053 1.2186 ± 0.0026 1.6013 ± 0.0073 1.7154
1.4 2.9311 ± 0.0045 1.2951 ± 0.0034 1.6329 ± 0.0074 1.7581
1.5 3.0348 ± 0.0030 1.3699 ± 0.0042 1.6631 ± 0.0075 1.8000
1.6 3.1360 ± 0.0021 1.4435 ± 0.0048 1.6916 ± 0.0074 1.8412
1.7 3.2347 ± 0.0009 1.5157 ± 0.0051 1.7194 ± 0.0073 1.8817
1.8 3.3314 ± 0.0006 1.5872 ± 0.0063 1.7453 ± 0.0070 1.9218
1.9 3.4259 ± 0.0019 1.6581 ± 0.0072 1.7645 ± 0.0069 1.9600
2.0 3.5184 ± 0.0032 1.7387 ± 0.0080 1.7952 ± 0.0066 2.0000
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Fig. 5. The net values of the peak shape methods coefficients cd of the d
based method, as they were evaluated by Chen and in the present work, as
a function of the symmetry factor.
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Fig. 6. The net values of the peak shape methods coefficients cs of the s
based method, as they were evaluated by Chen and in the present work, as
a function of the symmetry factor.
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Fig. 7. The net values of the peak shape methods coefficients bs of the s
based method, as they were evaluated by Chen and in the present work, as
a function of the symmetry factor.
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evaluated through Eq. (35) using the Chen coefficients and the newly
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kinetic order the errors values of 370 simulated (E, s) pairs are plotted.
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these figures explains why the expressions developed by
Chen give very accurate values for the trapping parameters.
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Fig. 9. The error E�Ed
E � 100 of activation energies Ed as a function of the

kinetic order. The E are the input values, whereas the Ed values were
evaluated through Eq. (35) using the Chen coefficients and the newly
obtained coefficients, which are listed in Table 3. The horizontal line
passes symmetrically through the results of the present work. At each
kinetic order the errors values of 370 simulated (E, s) pairs are plotted.
7.3. Comparison of the newly obtained expressions with those

of Chen

The application of the general form Eq. (35) is now pos-
sible using the ca, ba values shown in Table 3 for each
kinetic order b. Under this situation a comparison is possi-
ble of the resulting E values from Eq. (35) using both the
newly obtained values of ca, ba and those of Chen derived
from Eqs. (36)–(38) using the symmetry factors of Table 2.

The comparison is performed by simulating synthetic
glow-peaks using the same (E, s) regions described above.

Fig. 8 shows the results concerning the x method. The
horizontal line passes through an average value of the
results in the present study. In order to understand this
behavior one has to look at Fig. 4. The coefficient cx of
the present study follows the open curve as a function of
the symmetry factor and give results passing through the
average line, whereas the Chen coefficients are a strictly lin-
ear function of the symmetry factor and follow a parabolic
shape.

Fig. 9 shows the results concerning the d method. The
behavior is very similar to the previous case.

Fig. 10 shows the results concerning the s method. The
horizontal lines at �0.5% to 0.5% define a region where the
two sets of coefficients give the same accuracy. Looking at
Fig. 6 one can see that both sets of coefficients follow a
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Fig. 10. The error E�Es
E � 100 of activation energies Es as a function of the

kinetic order. E are the input values, whereas the Es values were evaluated
through Eq. (35) using the Chen coefficients and the newly obtained
coefficients, which are listed in Table 3. The horizontal lines pass through
the ±0.5% errors containing values of both sets of coefficients. At each
kinetic order the errors values of 370 simulated (E, s) pairs are plotted.
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parallel behavior, which is reflected exactly in the behavior
of Fig. 10. The reason is that except in the central common
region, the accuracy of the Chen coefficients is below the
demarkation line of �0.5% and the accuracy of the newly
derived coefficients is above the demarkation line of
+0.5%.

7.4. Accuracy of the peak shape methods

The peak shape expressions found in this paper estimate
the activation energy E with an accuracy better than 0.5%
in the majority of (E, s) pairs. However, this accuracy is
obtained using a simulation where the temperature is eval-
uated with an accuracy of 0.005 K. The situation, however,
is very different in experimental situations, where the exper-
imental accuracy in the temperature measurement may be
larger than 1 K.

The experimental quantities which have to be experi-
mentally measured in order to evaluate the activation
energy E are Tm, T1, and T2. The errors of these quantities
are propagated to the errors of E through Eq. (35).

The total probable error of a function depended upon xi

quantities, U = f(xi) is [11]:

DU¼� #f
#x1

� dx1

� �2

þ #f
#x2

� dx2

� �2

þ � � �þ #f
#xn
� dxn

� �2
" #1

2

:

ð39Þ

Then the relative error will be:

r ¼ �DU
U
: ð40Þ

Applying the error propagation formula, Eq. (39), the
total errors for x, d, s and lg will be, respectively,
Dx ¼ � ðDT 2Þ2 þ ð�DT 1Þ2
h i1

2

; ð41Þ

Dd ¼ �½ðDT 2Þ2 þ ð�DT mÞ2�
1
2; ð42Þ

Ds ¼ �½ðDT mÞ2 þ ð�DT 1Þ2�
1
2; ð43Þ

Dlg ¼ �
d
x

Dd
d

� �2

þ �Dx
x

� �2
" #1

2

: ð44Þ

On the other hand the total error of Ea derived by apply-
ing Eq. (39) to Eq. (35) is,

DEa ¼ �Ea ð1� baDmÞ �
Dca

ca

� �2

þ DT m

2T m

� �2
"

þ ð1� 2baDmÞ �
Da
a

� �2

þ DmDbað Þ2
#1

2

; ð45Þ

where Dm = 2kTm/Ea. The coefficient parameters ca and ba

are included, since they are composite parameters consist-
ing of fixed and dependent quantities. The coefficients ca

in Eq. (35) consist of two terms, the term Ca from the tri-
angle approximation, whose error is estimated from the
simulation and of the term fa(b), which is a function of
the kinetic order. The error of ca is therefore Dca = fa(b)D-
Ca. The values of DCa for x, d and s are listed in Table 2. In
the case of the simulations the error Dba is zero, since ba de-
pends only on b and therefore it is a fixed number for a
given order of kinetics. However, this term is included be-
cause in Chen’s s method the bs is expressed as function of
the symmetry factor, which introduces an additional source
of error.

It is usually said [5] that the s based methods yield more
accurate results than the other peak shape methods. By
examining Eq. (45), a first estimate about the accuracy of
each of the x, d and s methods can be obtained. The differ-
ence in the accuracy of the 3 peak shape methods comes
from the first and third terms of Eq. (45). The most accu-
rate method should be the one for which these two terms
are minimized. In the case of the d method, which does
not contain the term ba, (ba = 0), these terms have their
largest value and therefore this method is expected to be
less accurate than the other two expressions. On the other
hand ba = 1 for the x method and greater than 1 for the s
method. Therefore, the two terms are minimized for the s
method which is expected to be the most accurate. Summa-
rizing, the relative accuracy of the three methods is as
follows:

DEs < DEx < DEd: ð46Þ
However, this is an ideal case and holds only when,

additionally, Ds/s < Dx/x < Dd/d. Furthermore, the exper-
imental glow-peaks are not usually clean peaks. In most
cases satellites may be present, which can easily be ther-
mally pre-cleaned at the lower part of the peak and not
at the high temperature side. The order of accuracies under
these circumstances is inverted.



G. Kitis, V. Pagonis / Nucl. Instr. and Meth. in Phys. Res. B 262 (2007) 313–322 321
During practical applications the coefficients of the peak
shape methods are considered to be constants which do not
affect the error evaluation of the activation energy. How-
ever, as was shown in the present work, these coefficients
are not constants but rather pseudo-constants which carry
their own intrinsic errors. Therefore, any family of peak
shape methods will possess an intrinsic error coming from
the accuracy of its coefficients and this error is in addition
to any errors deriving from the experimental accuracy of
the variables Tm, T1 and T2 appearing in these expressions.
In order to explore this intrinsic error let us assume that the
errors in Tm, x, s and d, i.e. the quantities DTm and Da are
zero. In this case Eq. (45) gives:

DEa

Ea

¼ �ð1� baDmÞ �
Dca

ca

: ð47Þ

The relative error in Eq. (47) is an intrinsic minimum
limit which depends upon the error in the triangle assump-
tion pseudo-constants Ca, (i.e. Cx, Cd and Cs), the values of
which are evaluated from the simulation with Eqs. (6)–(8).
It must also be noted that this limit holds also in the case
where the coefficients ca are expressed as a function of lg.
The reason is that the symmetry factor for a given order
of kinetics is not a fixed number but rather is also a
pseudo-constant as seen from Eq. (18).

The general behavior of the error in Eq. (45) is simulated
for DEx, DEd and DEs. In order to simplify the simulation
it is assumed that: (i) DT1 = DT2 = DTm and (ii) the error
DCa of all Ca is taken equal to a typical value of 0.4%
obtained during the simulations.

The results are shown in Fig. 11. The straight lines are
the obvious results obtained when the first term of Eq.
(45) (or Eq. (47)), which represents the limit discussed
above, is omitted by setting DCa = 0. However, taking into
account the first term of Eq. (45) with a typical value of
DCa = 0.4%, then Fig. 11 shows that the error in E can
not be less than 0.35–0.4%, up to DT = 0.1 K.
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Fig. 11. The straight lines correspond to the errors obtained from Eq. (45)
when the first term, which represents the intrinsic error limit (also Eq.
(47)), is omitted, i.e. DCa = 0. The arrow shows the intrinsic error limit of
0.35–0.4%, obtained, when the first term of Eq. (45) is taken into account
considering DCa = 0.4%.
Another observation is that the accuracy of x method is
better than that of the s method above 0.1 K. This can be
understood from the first assumption DT1 = DT2 = DTm

stated above. Since x is almost double the value of s, the
value of Dx/x is much lower than the value of Ds/s and
therefore the error in Ex will be lower.

If one wants to evaluate the error in E when using the
Chen coefficients, one must take into account that in this
case the terms ca, ba are expressed as a function of lg, as
seen in Eqs. (36)–(38). By applying the error propagation
formula given by Eq. (39) it is found that Dcx = 10.2
Dlg, Dcd = 7.3Dlg, Dcs = 3Dlg and Dbs = 4.2 (2kTm)Dlg.

The most practical result, however, which emerges from
the above error analysis is that the errors in E increase lin-
early with DT. Therefore, the experimental error in temper-
ature must be lowered as much as possible. In practice it is
rather easy to achieve a very low error in T, although this is
not usually done during experimental work. First of all one
has to achieve a very good thermal contact between the
sample and the heating element and to use a low rate of
heating, not greater than 1 K/s, in order to avoid possible
temperature lag effects. The crucial point to consider is the
sampling time in photon counting systems, which must be
set as short as possible. For example in the RisøTL/OSL
reader having an Analog to Digital Converter (ADC) of
213 channels, a TL readout up to 400 �C with 1 K/s gives
a temperature increment, DT of 0.045 K.

As was discussed above, the intrinsic error limit of 0.35–
0.4% in E is set by the accuracy of the triangle assumption
pseudo-constants Cx, Cd and Cs which are evaluated by the
simulation. The intrinsic error limit under discussion
shown in Fig. 11 is evaluated by considering an average rel-
ative error of 0.4%. Although this error is very low when
one considers the very broad (E, s) regions used, it can be
lowered even more as follows.

Let us assume for example that one applies one of the
peak shape methods using the newly obtained coefficients
and evaluates the trapping parameters E ± DE and
s ± Ds. Even if one has extremely low errors in T, one
can not achieve accuracy better than the intrinsic error
limit of 0.35–0.4% evaluated above. It is very easy, how-
ever, to decrease this error limit by re-evaluating the trian-
gle assumption pseudo-constants in an (E,s) region
restricted within the limits E ± DE, s ± Ds obtained. In
fact, since the triangle assumption pseudo-constants vary
extremely slowly, a single simulation using the experimen-
tally obtained E and s values, is enough to obtain a new
highly improved pseudo-constant value Ca. Then using
Eq. (47) one can find that the intrinsic error limit of
0.35–4% could be decreased by at least a factor of five, with
a corresponding increase in the accuracy of E.

The above error evaluation approach is necessary if one
wishes to gain all the benefits of the peak shape methods
when they are applied to experimental results. However,
there is another field of research where the above approach
should be very useful. This is the field of simulations
involving TL models and TL effects (i.e. super-linearity,
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pre-dose effect, etc.) by the numerical solution of the differ-
ential equations governing the TL process [5,10]. During
such simulations the quality of the resulting TL glow-peak
can be continuously tested using the peak shape methods.
It must be noticed, however, that the derivation of the peak
shape methods is based on the Randall–Wilkins [12] and
Garlick–Gibson [13] kinetic models, for which the quasi-
equilibrium condition is satisfied. In the case of general
order kinetics of May and Partrige [8] the respective equa-
tion can not be derived from the original set of simulta-
neous equations describing the TL process. However,
since the general order equation coincides with sec-
ond order for b = 2 and approximates first order for
b � 1.0005, it is assumed that it is an equation for which
the quasi-equilibrium condition is satisfied too. Therefore,
these models are expected to describe accurately only those
simulated glow-peaks for which the quasi-equilibrium con-
dition is satisfied. In cases deviating from the quasi-equilib-
rium conditions, one might expect that the output
activation energy values E evaluated by the peak shape
methods will deviate from the input E values used in the
models, in a manner depending upon the degree of satisfac-
tion of the quasi-equilibrium conditions.

The present work indicates another very effective way of
testing glow-peaks resulting from the numerical solution of
the differential equations, by evaluating the equivalent ana-
lytical expressions and making a direct glow-peak compar-
ison. This can be done as follows. Once the glow-peak is
derived during the simulations, its symmetry factor nm/n0

is evaluated as the ratio of the high temperature half
glow-peak over the total integral of the glow-peak. Then
using Eq. (18) the corresponding kinetic order b is itera-
tively evaluated, to an accuracy depending upon the num-
ber of terms in the asymptotic series and the analytical
glow-peak is evaluated using Eq. (2).

A final reason why the above suggested approach is
ideal for comparing glow-peaks derived from the analytical
TL expressions with those derived from the numerical
solution of the differential equations, is that in the simula-
tions one can control the temperature to any desired
accuracy.
8. Conclusions

The peak shape methods for general order kinetics are
reappraised in detail. The peak shape method coefficients
are given a theoretical foundation on the basis of analytical
expressions as a function of the kinetic order b. Further-
more the very good accuracy of the approximate Chen
coefficients is easily understood by inspection of Figs. 4–7.

A numerical simulation of synthetic glow-peaks was per-
formed in an activation energy region between 0.7 eV and
2 eV in steps of 0.1 eV (14 values), a frequency factor
region between 107 and 1020 s�1 (30 values) and kinetics
order between 1 and 2 (11 values). The newly derived peak
shape method coefficients contain the general order param-
eter b, instead of the experimentally determined geometri-
cal shape factor which is used in the original equations.

The errors of the peak shape methods are studied in
detail and an error evaluation procedure is described,
which allows one to gain all the benefits of the peak shape
methods when they are applied to experimental results. A
method for further improvement of the accuracy of the
evaluation of the activation energy is also suggested.
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