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A B S T R A C T

Significant advances have been made during the past 10 years in our understanding of the nature of thermo-
luminescence (TL) signals from feldspars. Modeling insights into the luminescence mechanism have been ob-
tained based on quantum tunneling, and this has led to the development of new analytical equations for
quantifying the luminescence signals. In addition, Monte Carlo studies have helped researchers understand the
effect of random distributions of charges and of energy distributions on the TL signals. From an experimental
point of view, there has been renewed interest in using these signals for particle temperature sensing in the
microseconds-to-seconds time scale, and in thermochronometry applications involving a much larger geological
time scale (103–105 yr). One of the fundamental issues in these field applications is the difficulty of calibrating
the TL signals from feldspars as a function of the preheating temperature and of the preheating time.

This paper presents new analytical expressions describing the changes in the TL glow curves in feldspar
samples, when they are heated at different temperatures and for different preheat times. The behavior of the TL
glow curves is described and some universal characteristics of TL glow curves are pointed out, which can be
useful in analyzing regenerative TL signals. Good agreement is found between the analytical equations and
experimental data for several geological feldspar samples. The insights obtained from the new equations and the
model can help in understanding how feldspar TL signals record recent or geologic thermal signatures in tem-
perature sensing and thermochronometry applications.

1. Introduction

The kinetics of luminescence signals from feldspars have been stu-
died extensively during the past 30 years, due to their importance in
luminescence dosimetry and dating applications (see for example the
book by Chen and Pagonis, 2011). Experimental and modeling studies
have established that the main luminescence mechanism in feldspars is
quantum mechanical tunneling (Wintle, 1977; Visocekas et al., 1996;
Clark and Sanderson, 1994; Murray et al., 2009; Morthekai et al., 2012;
Li and Li, 2013; Poolton et al., 2009; Jain and Ankjærgaard, 2011; Kars
et al., 2013; Duller, 1995; Chruścińska, 2001; Chruścińska et al., 2001;
Huntley and Lamothe, 2001; Pagonis et al., 2018). These studies have
included thermoluminescence (TL), optically stimulated luminescence
(OSL), infrared simulated luminescence (IRSL), and time-resolved lu-
minescence (TR-OSL, TR-IRSL).

From a modeling point of view, the model developed by Jain et al.
(2012) has contributed significantly to our understanding of tunneling
phenomena resulting from a random distribution of electron-hole pairs.

Kitis and Pagonis (2013) quantified the semi-analytical model of Jain
et al. (2012) by deriving analytical expressions for different experi-
mental stimulation modes, and these analytical equations have now
been used to describe luminescence signals from a variety of feldspars
and apatites (Polymeris et al., 2013, 2017; Pagonis et al., 2013, 2014a;
Kitis et al., 2016; Pagonis et al., 2012; Sfampa et al., 2015).

From an experimental point of view, there has been renewed in-
terest in using TL signals from feldspars and other dosimetric materials
for temperature sensing (Yukihara et al., 2015, 2018), and in thermo-
chronometry applications for much larger geological time scales
(Brown et al., 2017; Biswas et al., 2018). One of the fundamental issues
in these field applications is the difficulty of calibrating the TL signals as
a function of the preheating temperature and of the preheating time.
For a summary of recent research in this area and of the issues involved
in developing temperature sensing and thermochronometry applica-
tions using TL signals from feldspars and other dosimetric materials, see
the recent paper by Yukihara et al. (2018).

The overall purpose of this paper is to provide a new look at the

https://doi.org/10.1016/j.radmeas.2019.01.021
Received 19 October 2018; Received in revised form 23 December 2018; Accepted 30 January 2019

∗ Corresponding author.
E-mail address: vpagonis@mcdaniel.edu (V. Pagonis).

Radiation Measurements 124 (2019) 19–28

Available online 05 March 2019
1350-4487/ © 2019 Elsevier Ltd. All rights reserved.

T

http://www.sciencedirect.com/science/journal/13504487
https://www.elsevier.com/locate/radmeas
https://doi.org/10.1016/j.radmeas.2019.01.021
https://doi.org/10.1016/j.radmeas.2019.01.021
mailto:vpagonis@mcdaniel.edu
https://doi.org/10.1016/j.radmeas.2019.01.021
http://crossmark.crossref.org/dialog/?doi=10.1016/j.radmeas.2019.01.021&domain=pdf


shape of TL glow curves in feldspar samples which were preheated at
different temperatures and for different preheat times.

The specific goals of the paper are:

(a) To point out some universal characteristics of experimental TL glow
curves in preheated feldspars, and to investigate how these char-
acteristics may be described using the available models.

(b) To develop new analytical equations for the experimentally ob-
served shift of the maximum of the TL glow curves with preheat
temperature and preheat times.

(c) To compare the new analytical equations with experimental data
from several geological feldspar samples.

The insights obtained from the new equations and the model can
help our understanding of how feldspar TL signals record recent or
geologic thermal signatures in temperature sensing and thermo-
chronometry applications.

This paper is organized as follows. In section 2, we point out some
universal characteristics of experimental TL glow curves in preheated
geological feldspar samples. Specifically it is shown that the shape of
the experimental TL glow curve remains practically unchanged when
varying either the preheat temperatureTPH (in the range of 200–300 °C),
or when varying the preheating time tPH (at a constant preheat tem-
perature). Section 3 presents a brief overview of the model by Jain et al.
(2012) and it is shown that TL glow curves in feldspars can be described
mathematically as the sum of first order TL glow curves. In section 4 the
new analytical equations are derived, which describe quantitatively the
changes occurring in the position of the TL glow curve in preheated
feldspar samples.

2. Experimental: properties of TL glow curves in preheated
feldspars

The TL glow curves from feldspar samples have a rather unusual
very broad shape, with full widths at half maximum (FWHM) of the
order of ∼80 K. It is generally accepted that these broad shapes are
most likely due to either an underlying continuum of activation en-
ergies E, or alternatively to a continuum of effective frequency factors s.
For a detailed examination of these two possibilities, the reader is re-
ferred to the extensive experimental study by Spencer (1996).

Polymeris et al. (2017) presented experimental TL glow curves for
four types of preheated feldspar samples; an orthoclase, a sanidine and
two microclines. These authors varied both the preheat temperatureTPH

and the duration of the preheat tPH , before measurement of the remnant
TL glow curve. Kinetic analysis of the experimental results was carried
out by simulating each of the four stages of the experiment, i.e. irra-
diation followed by heating to certain temperature TPH , then holding
the sample at this temperature for a certain amount of time tPH , and
finally measurement of the TL glow curve.

Fig. 1a shows typical examples of the experimental data of
Polymeris et al. (2017) for microcline sample KST4. The luminescence
measurements were carried out using a Riso TL/OSL reader (model TL/
OSL-DA-15), equipped with a90Sr/90Y beta particle source, delivering a
nominal dose rate of 0.075 Gy/s. A 9635QB photomultiplier tube was
used with a 7.5mm Hoya U-340 filter (∼340 nm, FWHM ∼80 nm). A
combination of Pilkington HA-3 heat absorbing and Corning 7–59
(320–440 nm) blue filter were used for light detection., and all mea-
surements were performed in a nitrogen atmosphere up to the max-
imum temperature of 500 °C with a low constant heating rate of 1 K/s,
in order to avoid significant temperature lag.

In the experimental data of Fig. 1a, the sample is irradiated with a
test dose of 40 Gy and then preheated at a temperature TPH=300 °C for
various preheat times tPH = 3–75 s, and finally heated to 500 °C to
measure its remnant TL signal. Fig. 1b shows the same experimental
data as Fig. 1a, with each of the TL glow curves shifted by different
amounts along the temperature axis, and subsequent normalization

along the y-axis. The results of Fig. 1b show that the shifted/scaled TL
glow curves coincide almost completely, indicating that the preheating
process does not change significantly the shape or the width of the glow
curve.

Fig. 2a shows a second type of experimental data for microcline
KST4, previously shown in Polymeris et al. (2017). In these experiments
the sample is irradiated with a test dose of 40 Gy and subsequently
preheated to a variable preheat temperature TPH=300, 325 and
350 °C; it is then kept at this temperature for a fixed preheating time
tPH=10 s, followed by measurement of its remnant TL signal. Fig. 2b
shows the same data as Fig. 2a, shifted along the temperature axis and
normalized to their maximum TL intensity. Once more, it is clear that
the preheating procedure does not change significantly the shape and
width of the TL glow curves.

The practically unchanging shape of the TL glow curves shown in
Figs. 1b and 2b is a remarkable result, which we have verified for
several other samples, and also by using a Monte Carlo simulation
(Pagonis et al., 2018), with additional experimental data shown later in
this paper. These results point out that the shape of the TL glow curves
for samples preheated in the region 200–300 °C may be a universal
property of feldspars. One also notes that the shape of the TL glow
curves is also almost exactly symmetrical, at least for the five feldspar
samples studied in this paper. The symmetric shape of the TL glow
curve is in agreement with the simulation results of Kitis and Pagonis
(2014), who simulated the shape of TL glow curves for a wide range of

Fig. 1. (a) Typical experimental data from Polymeris et al. (2017) for micro-
cline sample KST4. The sample is irradiated with a test dose, preheated at a
temperature TPH=300 °C for various preheat times tPH = 0–75 s, and heated to
500 °C to measure its TL signal.(b) The same experimental data as in (a), with
each of the TL glow curves shifted by different amounts along the temperature
axis, and subsequent normalization along the y-axis. The shifted/scaled TL glow
curves coincide showing that the preheat did not change the shape of the glow
curve.
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parameters in the model of Jain et al. (2012). These authors found that
the geometrical symmetry factor μg of the TL glow curves depends
strongly on the dimensionless density of acceptors ′ρ in the tunneling
model of Jain et al. (2012), and depends rather weakly of the thermal
kinetic parameters of the material. For a typical range of the density of
acceptors ′ρ =0.005–0.01, these authors found that the geometrical
symmetry factor μg=0.52, corresponding to symmetric TL glow curves
(Kitis and Pagonis, 2014; their Fig. 4).

The experimental data in Figs. 1 and 2 are not new, but these TL
glow curves have been presented previously in Polymeris et al. (2017).
Also similar experimental data for a different microcline sample (ELD1)
were presented in Pagonis et al. (2018). However, the data is included
here for completeness, so that the reader does not have to refer to these
other publications.

In the next section, we present a brief overview of the model by Jain
et al. (2012), and show that TL glow curves in feldspars can be de-
scribed mathematically as the sum of first order TL glow curves.

3. Brief review of the model by Jain et al. (2012)

The model of Jain et al. (2012) is based on localized electronic re-
combination within a system of random distribution of pairs of trapped
electrons and recombination centers, and the transitions are shown
schematically in Fig. 3a. Recombination is assumed to take place via
tunneling from the excited state of the trapped electron and takes place
only to the nearest neighbor centers. The three possible transitions
thermal excitation of electrons from the ground state into the excited

state of the trap (transition i in Fig. 3a), de-excitation from the excited
to the ground state (transition ii), and the recombination process which
takes place from the excited state of the trapped electron to the re-
combination center (transition iii).

In the model, the instantaneous concentration of trapped electrons
in the ground state ′n r t( , ) depends on both the elapsed time t and on
the separation distance r between donor and acceptor. One also defines
the dimensionless distance parameter ′ =r πρ r(4 /3)1/3 , where ρ (m−3)
represents the actual density of recombination centers in the material.
Similarly, one introduces the dimensionless density of recombination
centers parameter by ′ =ρ πρ a(4 /3) 3, where a (m−1) is the potential
barrier tunneling length (Jain et al., 2012). The system of differential
equations in this model can be solved numerically for known numerical
values of the parameters. However, Pagonis et al. (2013) showed that
by assuming quasi-equilibrium conditions, the system of equations in
the model could be replaced with the following single differential
equation (Pagonis et al. (2013), their Eqt. 9):

∂ ′
∂

= −
′ ′

− ′
−

n r t
t

s s
B ρ r

E k T n r t
( , )

exp[( ) ]
exp[ / ] ( , )th tun

B1/3 (1)

Similar expressions were also given in the papers by Thioulouse
et al. (1982), Chang and Thioulouse (1982) and more recently by Jain
et al. (2015).

In this equation stun (s−1) is the frequency factor characterizing the

Fig. 2. (a) Experimental data for microcline KST4 from Polymeris et al. (2017).
The sample is irradiated with a test dose, preheated and kept for tPH=10 s to a
variable preheat temperature TPH=300, 325 and 350 °C, followed by mea-
surement of its TL signal. (b) The same data as in (a), with each of the TL glow
curves shifted by different amounts along the temperature axis, and subsequent
normalization along the y-axis.

Fig. 3. (a) The three possible localized transitions in the model of Jain et al.
(2012): thermal excitation of electrons from the ground state into the excited
state of the trap (transition i), de-excitation from the excited to the ground state
(transition ii), and luminescent recombination process from the excited state of
the trapped electron to the recombination center (transition iii). (b) The initial
distribution of nearest neighbor distances between electron-hole pairs in the
model by Jain et al. (2012).
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tunneling process taking place from the excited state of system. B (s−1)
is the rate of de-excitation from the excited state back to the ground
state and (E, sth) are the thermal activation energy and frequency factor
characterizing the trapped electron, k is the Boltzmann constant, and β
is the constant heating rate such that the temperature varies linearly
with time according to T=To+βt. From a physical point of view, there
is no relationship between the three different frequency factors stun, B
and sth. As in previous versions of the model, the simplification B= sth

will be used in this paper. However, it is noted that the results and
conclusions from the model are not affected by this mathematical
simplification.

The time-dependent luminescence intensity L(t) is evaluated nu-
merically by integrating ∂ ′ ∂n r t t( , )/ over the distance variable ′r :

∫= − ∂ ′
∂

′
∞

L t
n r t

t
dr( ) ( , ) .

0 (2)

The mathematical interpretation of this equation is that the TL in-
tensity is the sum of the terms ∂ ′ ∂n r t t( , )/ over all possible distance
parameter values ′r . We now proceed to show that for a constant dis-
tance ′r , each of the terms ∂ ′ ∂n r t t( , )/ in Eqt.(2) represents a first order
TL glow curve, and therefore the overall TL glow curve can be described
mathematically as the sum of first order TL glow curves.

Eqt. (1) can be written as follows:

∂ ′
∂

= − ′ ′ −−
n r t

t
s r n r t E k T

( , ) ( ) ( , )exp[ / ],eff TL B (3)

where we defined an effective frequency factor ′−s r( )eff TL given by:

′ =
′ ′

=
′ ′− − −s r s s

B ρ r
s

ρ r
( )

exp[( ) ] exp[( ) ]
,eff TL

th tun
1/3 1/3 (4)

Eqt.(4) shows that the three frequency factors stun, B and sth do not
appear separately in the model. Instead, they appear only as the com-
bination s s B/th tun , which represents an effective frequency factor for the
TL process studied here. We can then simplify the presentation of the
model by using the simplification =s s s B/th tun , without loss of gen-
erality.

For a constant distance ′r , Eqt. (3) is identical to the well-known
differential equation for TL glow curves following first order kinetics:

= − −dn
dt

sn E k Texp( / ).B (5)

Therefore each term ∂ ′ ∂n r t t( , )/ in Eqt.(2) represents a first order TL
glow curve for a constant value of ′r , with an effective frequency factor
given by Eqt.(4). The relative heights of these first order TL peaks (for a
freshly irradiated sample) are proportional to the following well-known
distribution function ′n r( , 0), which is proportional to the initial dis-
tribution of nearest neighbor distances between electron-hole pairs in
the model (Jain et al., 2012):

′ = ′ − ′n r r n r( , 0) 3( ) exp[ ( ) ],o
2 3 (6)

where no represents the total concentration of donors in the model. This
function, which is very nearly symmetric, is shown in Fig. 3b and is
considered again in the next section. The function

′ = ′ − ′g r r r( ) 3( ) exp[ ( ) ]2 3 in this equation represents the well-known
nearest neighbor distribution of distances in the donor-acceptor pairs
(Jain et al., 2012).

An example of numerical integration of Eqt.(2) is shown as the thick
solid line in Fig. 4a. Also shown in this figure are ten first order TL glow
curves representing the terms ∂ ′ ∂n r t t( , )/ (thin solid lines), corre-
sponding to the range of ′r =0.2–2.0 in steps of ′Δr =0.2. The circles
in Fig. 4a indicate the sum of the 10 first order TL glow curves. The
example in Fig. 4a shows clearly that the TL glow curve (thick solid
line) can be described mathematically as the sum of first order TL peaks
with relative heights given by Eqt.(6), and with a distribution of fre-
quency factors given by Eqt.(4). Similar physical interpretations of the
broad TL glow curves in feldspars were pointed out previously in the
detailed experimental study by Spencer (1996).

The fact that the TL glow curves can be described as a superposition
of first-order peaks was pointed out also in Jain et al. (2012). We extend
that work in this study, by providing a specific mathematical frame-
work for studying this superposition via Eqts (1) and (2). This new
mathematical framework also allows us to derive the new analytical
equations in subsection 4.3, for the shift of the TL glow curves in pre-
heated feldspar samples.

Fig. 4. (a) Example of numerical integration of Eqt.(7) is shown as a solid thick
line, with the model parameters given in the text. Also shown are ten first order
TL glow curves (thin solid lines), representing the terms ∂ ′ ∂n r t t( , )/g for the
range of the parameter ′r =0.1–2.0 in steps of ′Δr =0.2. The circles represent
the sum of the 10 first order TL glow curves. The parameters in the model are
ρ'=0.01, E=1.0 eV, s=5x1012 s−1, β=1 Κ/s. The parameter α=0 is used here
for an unheated sample. (b) The thin solid lines represent the ten first order TL
glow curves from (a), and the dashed lines are the result of repeating (a) with
the parameter α=20 corresponding to a preheated sample.(c) The TL glow
curves obtained from (a) and (b), obtained by the sum of the corresponding ten
first order TL glow curves.
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3.1. The effect of preheating on the partial TL glow curves in figure 4a

Polymeris et al. (2017) showed that when a freshly irradiated
sample is subsequently preheated for time tPH at a temperatureTPH , the
distribution of remaining trapped electrons ′n r t( , )PH at the end of the
preheat process and before measurement of the TL glow curve, varies
according to the following two equations (Polymeris et al., 2017; their
equations (11) and (12)):

′ = ′ − ′ − − ′ ′−n r n r r ρ r α( ) 3 ( ) exp[ ( ) ]exp[ exp( ( ) ) ]PH 0
2 3 1/3 (7)

This expression is the product of the initial population ′n r( , 0) given
by Eqt.(6), multiplied by the factor − − ′ ′−ρ r αexp [ exp( ( ) ) ]1/3 re-
presenting the loss during the preheat. This loss factor varies with the
dimensionless constantα, which contains the preheat conditions (tPH
and TPH) according to:

= ⎛
⎝

− ⎞
⎠

+− −α
skT

βE
e kT

E
se t1 2PH E

kT PH E kT
PH

2
/PH PH

(8)

with E,s representing the effective TL kinetic parameters for the trapped
electron, and β is the heating rate.

It is noted that the simulations presented in Polymeris et al. (2017)
assumed that the cooling stage down to room temperature, after pre-
heating to the preheat temperature TPH, does not affect the results of
the simulation. Also note that Eqts (7) and (8) in this paper have been
derived previously in Polymeris et al. (2017). The mathematical ana-
lysis which follows and specifically Eqts (9-22) are new, and have not
been published previously.

As discussed in Polymeris et al. (2017), the analytical equations (7)
and (8) allow us to calculate the distributions of distances ′n r( )PH after
the preheating procedure, as well allow a calculation of the TL glow
curve when the sample is heated with a constant heating rate.

Fig. 4b shows the effect of the preheating on the TL glow curve of
Fig. 4a, for a value of α =20. The solid lines in this figure represent the
same 10 partial TL glow curves shown in Fig. 4a, and the dashed lines
indicate the corresponding partial TL glow curves for the preheated
sample. Fig. 4c shows a comparison of the TL glow curves obtained by
adding the 10 partial TL glow curves for the data in Fig. 4ab.

Fig. 4b is a clear demonstration of what happens to the partial first
order TL glow curves when the sample is preheated. As expected, the
position of the 10 partial glow curves remains the same, but their
heights are reduced due to the preheating. The height of the partial
glow curves located at low temperatures is reduced more drastically,
since these glow curves correspond to shorter distances between do-
nors-acceptor pairs. By contrast, the height of partial TL glow curves
located at higher temperatures remain almost unaffected by the pre-
heating. The result of this uneven reduction in heights is shown in
Fig. 4c, where the overall TL glow curve is shown to be reduced in
height and shifted along the temperature axis.

3.2. The similarity between TL glow curves and the underlying distributions
of distances

Fig. 5 shows the results of simulating the three-stage preheat ex-
periment described in Polymeris et al. (2017), with the values of the
parameters: tPH = 0–90 s, TPH = 120oC, β=1 Κ/s, ρ'=0.02, E=1.0 eV,
s=3.5x1012 s−1. Fig. 5a is a graph of the distributions ′n r( )PH before
measurement of the remnant-TL signal, and the corresponding simu-
lated TL glow curves are shown in Fig. 5b.

The similarity of the shapes in Fig. 5a and b is striking, although the
x-axis and the y-axis represent very different physical quantities in
these two figures. From a physical point of view, the TL glow curves in
Fig. 5b “mirror” the underlying distance distributions shown in Fig. 5a.
This close relationship between the TL glow curves and the distribu-
tions of distances was previously pointed out by Thioulouse et al.
(1982; section G in their paper). However, these authors did not pursue

this concept mathematically to derive a specific mathematical expres-
sion for the experimentally observed shift in the TL glow curves in
preheated samples.

When the ′n r( )PH distributions in Fig. 5a are shifted on the x-axis
and they are scaled on the y-axis, we get the curves in Fig. 6a. Similarly,
when the TL glow curves in Fig. 5b are shifted and scaled, we obtain the
TL glow curves shown in Fig. 6b. The simulations in Fig. 6 verify that
the shape of both the distance distributions ′n r( )PH , and of the TL glow
curves do not change significantly for different preheat times tPH . Si-
milar simulation results (not shown here) were obtained for the situa-
tion where one varies the preheat temperature TPH (in the region
200–300 °C), while keeping the preheat time tPH fixed, in agreement
with the experimental data in Figs. 1 and 2.

This result allows us to characterize the location of the distance
distributions ′n r( )PH , by using the distance parameters ′rMAX and ′r1/2 as
shown in Fig. 7a, corresponding to the location of the maximum and the
location of the half-maximum value of the distribution. Similarly, the
unchanging shape of the TL glow curve allows us to characterize its
location by using the corresponding temperature parameters TMAX and
T1/2, as shown in Fig. 7b. This method of characterizing the position of
the TL glow curves by using T1/2 was previously introduced in Spencer
(1996) and used recently in the study by Brown et al. (2017).

Fig. 8a shows a plot of the distance parameters ′rMAX and ′r1/2 from
Fig. 5a, as a function of the preheating time tPH . Fig. 8b shows a plot of

Fig. 5. (a) The results of simulating the three-stage preheat experiment de-
scribed in Polymeris et al. (2017), showing a graph of the distributions ′n r( )PH

before measurement of the TL signal. The values of the parameters in the model
are: tPH = 0–90 s, TPH = 120oC, β=1 Κ/s, ρ'0.02, E=1.0 eV, s=3.5x1012 s−1.
(b) The corresponding simulated TL glow curves, based on the distributions in
(a). Note the very close similarity of the shapes in (a),(b) although the x-axis
and the y-axis represent very different physical quantities in these two graphs.
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′r MAX from Fig. 5a, as a function of the temperatures TMAX from the
simulated TL glow curves in Fig. 5b. Similarly, Fig. 8c shows a plot of
′r1/2 from Fig. 5a, as a function of the temperatures T1/2 from Fig. 5b.
The results in Fig. 8bc show that the two sets of quantities (TMAX, ′rMAX )
and (T1/2, ′r1/2) are directly proportional to each other.

3.3. The unchanging shape of the TL glow curves in preheated samples

We now proceed to a mathematical analysis of Eqt.(7), in order to
explain the fact that the shape of the TL glow curves does not change
significantly after preheating of the samples. The tunneling model will
show that preheating of the sample results in a new distribution of
distances of the electron-hole pairs, which can be closely approximated
by a new Gaussian function. It will be shown that the width of this new
shifted Gaussian function remains essentially unaffected by the pre-
heating process, and this causes the overall shape of the TL glow curve
to remains unchanged in preheated feldspar samples.

As discussed above, in a freshly irradiated (unheated) sample, the
distribution of distances of the electron-hole pairs is given by the
symmetric function in Eqt.(6). This function is very nearly symmetric
and can be fitted with the following general form of a Gaussian function

− ′ −A r r σexp[ ( ) /(2 )]o
2 2 , with the best fit shown as a solid line in

Fig. 3b:

′ = − ′ − = − ′ −n r A r r σ n r( , 0) exp[ ( ) /(2 )] exp[ 4.343( 0.88) ]o
2 2

0
2 (9)

The fitted Gaussian function is centered at the dimensionless radius
′ =r 0.88, and has a standard deviation of =σ 0.339. The reason for
replacing the function in Eqt.(6) with the Gaussian in Eqt.(9), is that
this substitution simplifies significantly the mathematical calculations
that follow. Specifically, this mathematical substitution makes it pos-
sible to obtain an analytical expression for the shift of the distribution
of distances ′n r( )PH for preheated samples, and for the shift in TL glow
curves of preheated samples.

By combining Eqts (7) and (9), the distribution of trapped electrons
′n r( )PH at the end of the preheating stage in the experiment varies as:

′ = − ′ − − − ′ ′−n r n r ρ r α( ) exp[ 4.343( 0.880) ]exp[ exp( ( ) ) ]PH 0
2 1/3 (10)

We evaluate the location ′r MAX of the maximum of this almost
symmetric distribution by setting its derivative equal to zero, to obtain
the condition:

′
′

= − ′ − + ′ − ′ ′ =− −dn r
dr

k r ρ ρ r α
( ) { 8.68( 0.88) ( ) exp( ( ) ) } 0PH

MAX MAX
1/3 1/3

(11)

The solution of this transcendental equation is obtained in terms of
the well-known Lambert W-function (see for example Wikipedia, 2018),
by noting that the solution of the general equations = −−e a x u( )cx

o is
= + −x u c W ce a(1/ ) ( / )cu

o where c a u, ,o are real constants. By sub-
stituting the constants, this expression yields:

′ = + ′ ′ − ′− −r ρ W ρ ρ α0.88 ( ) (0.115( ) exp[ 0.88( ) ] )MAX
1/3 2/3 1/3 (12)

Fig. 6. (a) The ′n r( )PH distributions in Fig. 5a are shifted on the x-axis and are
normalized on the y-axis. (b) The TL glow curves in Fig. 5b are similarly shifted
and scaled. The shape of both the distributions ′n r( )PH , and of the TL glow
curves do not change significantly with the preheat times tPH . The values of the
parameters in the model are the same as in Fig. 5.fig5

Fig. 7. (a) The distance parameters ′rMAX and ′r1/2 can be used to characterize the
position of the distance distributions ′n r( )PH . They correspond to the locations
of the maximum and of the half-maximum value of the distribution. (b) The
corresponding temperature parameters TMAX and T1/2 characterize the TL glow
curve. The values of the parameters in the model are the same as in Fig. 5.
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where W(z) is the real positive branch of the Lambert function. The
Lambert function is available in all modern software packages, and can
be evaluated easily, just like for example a trigonometric sine function.

Eqt.(12) can be simplified to show that the maximum of the dis-
tribution is shifted from the value of ′ =r 0.88, by the amount ′Δr :

′ = ′ ′ − ′− − −Δr ρ W ρ ρ α( ) (0.115( ) exp[ 0.88( ) ] )1/3 2/3 1/3 (13)

As can be expected, the amount of this shift ′Δr depends on the
value of the constantαgiven in Eqt.(8), and on the constant value of the
dimensionless acceptor density ′ρ . Most importantly, this shift ′Δr does
not depend on the particular distance ′r considered.

Let us now rewrite Eqt.(10) in the form of a single exponential:

′ = − ′ − − − ′ ′ = −−n r n r ρ r α n f( ) exp[ 4.343( 0.880) exp( ( ) ) ] exp[ ]PH 0
2 1/3

0

(14)

By expanding the argument = − ′ − −f r4.343( 0.880)2

− ′ ′−ρ r αexp ( ( ) )1/3 of the exponential in a Taylor series around ′ = ′r r MAX

we obtain:

= + ′ − ′

+ − − ′ ′ ′ ′ − ′− −

f b c r r

ρ α ρ r r r

( )

{ 4.343 0.5( ) exp[( ) ]}( )
MAX

MAX MAX
2/3 1/3 2 (15)

where b, c are constants. For typical values of the parameters, the linear
term ′ − ′c r r( )MAX is found to be numerically much smaller than the
other two terms in Eqt. (15), and it can be neglected. By substituting
(15) into (14) we then find the desired equation for the shifted dis-
tribution of distances in the preheated sample:

′ = − − ′ ′ ′ ′ − ′− −n r n ρ α ρ r r r( ) exp[{ 4.343 0.5( ) exp[( ) ]}( ) ]PH MAX MAX0
2/3 1/3 2

(16)

This equation has the general form of a Gaussian
function − ′ −A r r σexp[ ( ) /(2 )]MAX

2 2 . Fig. 9a shows a direct comparison
of ′n r( )PH calculated from Eqt. (7) and from Eqt. (16), and for different
values of the parameter α, demonstrating that the shifted distribution of
distances for the preheated sample can be approximated well by the
Gaussian function in Eqt. (16). Rather small differences are seen near
the wings.

From Eqt. (16) we can also obtain an expression for the width
parameter σ of the shifted Gaussian, by setting:

= + ′ ′ ′− −
σ

ρ α ρ r1
2

4.343 0.5( ) exp[( ) ]MAX2
2/3 1/3

(17)

Fig. 9b shows a plot of the σ values evaluated from Eqt. (17) as a
function of the preheating parameter α. This graph shows that the width
of the shifted Gaussian distributions depends weakly on the preheating
conditions (parameter α), confirming the results of Fig. 6.

In conclusion, the mathematical analysis in this subsection shows
that the shape of the distance distributions ′n r( )PH for preheated sam-
ples is given by the Gaussian function shown in Eqt. (16), and that the
width parameter σ evaluated from Eqt.(17) stays practically constant
and independent of the preheating conditions. Since the TL glow curves
“mirror” the underlying distance distributions, we conclude that the
shape of the TL glow curves for the preheated samples will also be close
to Gaussian functions, and that their Gaussian width parameter σ will
stay practically constant and independent of the preheating conditions.

The above mathematical analysis explains the experimental results
in Figs. 1 and 2, which showed that the shape of the TL glow curves
stays almost the same after thermal (or optical) treatment received by
the samples. This results also clarifies the earlier observation by Brown
and Rhodes (2017), that the effective frequency factor for regenerative
TL signals in K-feldspars decreases as a function of preheat time and
temperature, while the shape of the lost TL signal is unchanging.

4. Discussion

For practical field work, it is desirable to obtain an approximation to
the Lambert function in Eqt.(13). For typical values of the dimension-
less density ′ρ in the range ′ρ =0.005–0.1 (Pagonis et al., 2014b), it is
found that Eqt.(13) can be represented with excellent accuracy by using
the following logarithmic approximation to the Lambert function:

′ = +Δr c α cln[ ]1 2 (18)

where c c,1 2 are constants.

Fig. 8. (a) A plot of the distance parameters ′rMAXand ′r1/2 from Fig. 5a, as a
function of the preheating time tPH . (b) A plot of ′r MAX from Fig. 5a, as a
function of the temperatures TMAX from the simulated TL glow curves in Fig. 5b.
(c) A plot of ′r1/2 from Fig. 5a, as a function of the temperatures T1/2 from
Fig. 5b. These results show that the quantities (TMAX, ′rMAX ) and (T1/2, ′r1/2) are
directly proportional to each other. The values of the parameters in the model
are the same as in Fig. 5.
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Since the shifts ′Δr of the distance distributions along the distance
axis are exactly proportional to the shifts of the TL glow curves TSHIFT
along the temperature axis (Fig. 7), one can write an analogous ana-
lytical equation for TSHIFT in the form = ′ + ′T c α cln[ ]SHIFT 1 2 , or more
generally for the temperature TMAX:

= + = ′ + ′ + ′T T c c α cconstant ln[ ]MAX SHIFT 1 2 3 (19)

where ′ ′ ′c c c, ,1 2 3 are constants. By combining Eqt.(19) with Eqt.(8) one
obtains:

= ′ + ′ ⎡
⎣⎢

⎛
⎝

− ⎞
⎠

+ + ′⎤
⎦⎥

− −T c c
skT

βE
e kT

E
se t cln 1 2

MAX
PH E kT PH E kT

PH1 2

2
/ /

3PH PH

(20)

This is the general desired analytical equation which expresses the
position TMAX of the TL glow curves along the temperature axis, as a
function of the preheat temperature TPH and of the preheat time tPH .

Since the quantities T1/2 and TMAX were shown in Fig. 8 to be pro-
portional to each other, it is concluded that T1/2 will also depend onTPH
and tPH according to the same type of equation as (17), with different
constant coefficients ′ ′ ′b b b, ,1 2 3:

= ′ + ′ ⎡
⎣⎢

⎛
⎝

− ⎞
⎠

+ + ′⎤
⎦⎥

− −T b b
skT

βE
e kT

E
se t bln 1 2PH E kT PH E kT

PH1/2 1 2

2
/ /

3PH PH

(21)

In experiments where the preheat temperature TPH is constant and
the preheat time tPH is variable, Eqt.(21) simplifies, and the T1/2 values
of the glow curves will depend logarithmically on the preheat times
tPHaccording to:

= + +T a b c tln( )PH1/2 (22)

where a,b,c are constants.
This theoretical result is in good agreement with several experi-

mental studies, which found that the T1/2 values depend logarithmically
on the preheat time tPH (Spencer, 1996; Brown et al., 2017; Biswas
et al., 2018).

Fig. 10ab shows analysis of the experimental data for the five

Fig. 9. (a) Comparison of the simulated distribution of distances ′n r( )PH in
preheated samples, calculated from Eqt. (10) and Eqt. (16), for different values
of the preheating parameter α. This shows that the shifted distribution of dis-
tances for the preheated sample can be approximated well by the Gaussian
function in Eqt. (16). The value of the dimensionless density parameter in the
model is ρˊ=0.012. (b) A plot of the σ values evaluated from Eqt. (17) as a
function of the preheating parameter α. This shows that the width of the shifted
Gaussian distributions depends weakly on the preheating conditions, con-
firming the unchanging shape of the distributions ′n r( )PH in preheated samples.

Fig. 10. (a) Analysis of the experimental data for sample KST4 studied by
Polymeris et al. (2017), when the preheat time is varied and the preheat tem-
perature is kept fixed at 300 °C. The experimental data for T1/2 fit very well the
logarithmic equation (22) as a function of the preheat time. (b) Same analysis as
in (a) for the five feldspars studied in Polymeris et al. (2013). (c) Analysis of the
experimental data for the five feldspars studied in Polymeris et al. (2013), when
the preheat temperature is varied, while the preheat time is kept fixed at
tPH=10 s. A close to linear dependence of T1/2 on the preheat temperature is
seen for all five samples.
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samples studied by Polymeris et al. (2017), when the preheat time is
varied and the preheat temperature is kept fixed at 300 °C. The ex-
perimental data for T1/2 in Fig. 10a fit very well the logarithmic Eqt.
(22) as a function of the preheat time.

Fig. 10c shows analysis of the experimental data for the same five
samples, when the preheat temperature is varied, while the preheat
time is kept fixed at tPH=10 s. An almost linear dependence of T1/2 on
the preheat temperature is seen for all five samples, with some small
deviations from linearity seen at low preheat temperatures.

The results in Fig. 10 are important for thermochronometry studies
using feldspars, since they point to the possibility of a universal beha-
vior by preheated feldspar samples. The unchanging shape of the TL
glow curve means that it is possible to carry out detailed and reliable
temperature sensing experiments on the scale of seconds, and possibly
to carry out thermochronometry studies on much larger geological
scales (see for example Brown et al., 2017; Biswas et al., 2018). Since
the shape of the TL glow curves does not change, one can use the po-
sition of maximum TL intensity TMAX as an accurate indicator of the
thermal history of the samples. Alternatively, one can also use the
temperature T1/2 of half-maximum TL intensity, as was done in the
detailed thermochronometry work by Brown et al. (2017).

Yukihara et al. (2018) considered in detail the effect of preheating
conditions (TPH and tPH) on the shape of experimental TL glow curves
for several dosimetric materials. Future work in thermochronometry
and temperature studies could include a modeling study of naturally
irradiated samples at different ambient temperatures over a geological
time scale, or for samples irradiated at the same ambient temperature
but different preheat times (Brown et al., 2017).

5. Conclusions

This paper has provided an explanation for the stability of the shape
of TL glow curves in preheated feldspar samples. Both the experimental
results shown in this paper and the mathematical analysis, lead to the
same general conclusion: preheating of feldspar samples for various
preheat temperatures TPH in the temperature region 200–300 °C and for
various preheat times tPH, does not change significantly the shape of the
remnant TL glow curves.

The stable almost symmetric shape of the TL glow curves suggests
that one could possibly fit these curves on an empirical basis, by using
symmetric functions like Gaussians. This empirical fitting method is an
easy analytical method to extract properties like the full widths at half-
maximum (FWHM), the temperature of maximum TL intensity (TMAX),
and the half-intensity temperature values T1/2 from experimental data
in thermochronometry or temperature sensing applications.

New analytical equations were developed for the shifting of the TL
glow curves in preheated feldspar samples. The analytical equations
(19)–(22) are found to be consistent with the results of several previous
experimental studies.

It is concluded that Eqts (19-22) can be a useful mathematical tool
for temperature sensing and thermochronometry studies, since they can
be used for quantitative calibration of the observed shifts of the TL glow
curves as function of preheating parameters.

The present model does not address the dependence of the TL curves
on radiation dose. A more complete model is needed for this, similar to
the model presented recently by Brown et al. (2017), in which they
consider the simultaneous effect of irradiation and tunneling on the
remnant TL glow curves in feldspars measured in the lab. Our pre-
liminary work has shown that the remnant TL glow curves depend on
the magnitude of the given dose, the irradiation temperature and the
dose rate. These results will be presented in detail in upcoming work.

The considerations in this paper apply for samples irradiated with
typical dose rates of 0.1 Gy/s and subsequently preheated in the la-
boratory; our experimental and modeling results clearly show that the
shape of the TL glow curves remains the same for such samples.
Additionally, our preliminary work with the more complete model by

Brown et al. (2017) shows that modeled shape of the TL glow curves
also remains the same for samples irradiated in nature, where much
slower irradiation dose rates of the order of 1 Gy/Ka are encountered.
This has the important implication that regenerated signals from feld-
spar samples can be quantitatively related to natural signals.
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