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A B S T R A C T   

In a recent paper we developed a new analytical equation for the dose response of dosimetric materials based on 
the Lambert W function, within the framework of the simplest model, the one trap one recombination center 
model (OTOR). In the present paper we extend this recent work to develop a new analytical equation describing 
the nonlinear trap filling process during irradiation of insulators. The new equations are developed within the 
framework of a more complex two trap and one recombination center model (2T1R). The model has been 
proposed previously to explain the nonlinear dose response function of luminescence signals in solids, and is 
based on competition between two traps during irradiation. The new analytical equation describes the super-
linear behavior commonly exhibited by dosimetric materials and contains meaningful physical parameters. It is 
tested by fitting previously published dose response curves for dosimetric materials.   

1. Introduction 

The dose response of natural and man-made materials is the basis of 
many applications in radiation dosimetry. It is commonly shown as a 
graph of the intensity of an experimentally measured signal as a function 
of the irradiation dose. Examples of such dosimetric signals are ther-
moluminescence (TL), isothermal thermoluminescence (ITL), optically 
stimulated luminescence (OSL), optical absorption (OA) and electron 
spin resonance (ESR). A desirable feature for these graphs is that the 
dose dependence be linear in a broad range. However, dosimetric ma-
terials show many different types of dose response curves. Nonlinear 
dose response curves are broadly classified as superlinearity (or supra-
linearity), meaning a faster than linear dependence on the dose, and 
sublinearity meaning a lower than linear dose dependence. Some ex-
amples of dose responses are: superlinear behavior from very low doses, 
linear behavior at low doses becoming superlinear at higher doses, 
sublinear dose dependence from the lowest doses, and linear and/or 
superlinear range followed by sublinear behavior reaching a saturation 
level. For a detailed bibliography on dose response functions of ther-
mally and optically stimulated luminescence signals and the various 
published models, the reader is referred to the books by Chen and 
Pagonis [1], Yukihara and McKeever [2], Chen and McKeever [3] and 

McKeever [4]. 
In the literature, the term superlinearity (or supralinearity) has been 

quantified using two different types of indexes, the supralinearity index 
f(D) and the superlinearity index g(D). If the signal intensity is I, one way 
of presenting the experimental dose response function at low doses, is by 
the expression (see e.g. Ref. [1]): 

Imax = aDk (1)  

where D is the applied dose, a is a proportionality factor and k a con-
stant. k > 1 means that the dependence is superlinear whereas k < 1 
means sublinearity, and obviously k = 1 means a linear dependence. 
Chen and McKeever [5] proposed the quantitative normalized super-
linearity index g(D), which would attain the value of k in the special case 
in Eq. (1). They defined g(D) as: 

g(D)=
DS’’(D)

S’(D)
+ 1. (2) 

Here the condition g(D) > 1 indicates superlinearity, g(D) = 1 means 
a range of linearity and g(D) < 1 signifies sublinearity. 

Some materials (like LiF : Mg,Ti) have the property that at low doses 
the dose dependence is linear, followed by a nonlinear (i.e., superlinear) 
region before saturation effects set in. Chen and McKeever [5] suggested 
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the term supralinearity to describe this property of the measured quantity 
being above the continuation of the initial range. Some authors, e.g. 
Horowitz [6] and Mische and McKeever [7] quantified this property by 
defining the dimensionless quantity: 

f (D)=
S(D)/D

S(D1)/D1
, (3)  

termed by these authors the supralinearity index. Here D1 is a normali-
zation dose in the initial linear range. This definition is obviously 
applicable only if an initial linear range exists at the low dose range. 

From a modeling point of view, there are very few analytical equa-
tions available in the literature to describe the nonlinear dose response 
function of dosimetric materials. The simplest available model based on 
delocalized energy transitions is the one trap one recombination center 
model (OTOR). Previous modeling research has shown that within the 
OTOR model, one expects an initial linear dose response region for low 
doses, followed by a sublinear region in which the dose response func-
tion varies as D1/2, before approaching saturation (Lawless et al. [8]). 

Even though the OTOR model has been studied extensively during 
the past 50 years, it was only recently that Pagonis et al. [9] obtained an 
analytical equation for the dose response n(D) in the OTOR model, where 
n is the concentration of filled traps and D is the irradiation dose. The 
new analytical equation for n(D) is based on the well-known Lambert 
function W ([10,11]). Pagonis et al. [9] compared the new OTOR 
equation with three other commonly used dose response fitting func-
tions: the saturating exponential (SE), the saturating exponential plus a 
linear function (SEL), and the double saturating exponential (DSE). 
These authors provided examples of using the new equation to fit a 
variety of experimental TL, OSL, ITL and ESR data. 

In this paper we extend the recent work by Pagonis et al. [9], into the 
more general two trap one recombination center model (2T1R). 
Bowman and Chen [12] developed an implicit parametric equation D(n)
within the 2T1R model, where D (Gy) is the irradiation dose and n 
(cm–3) is the concentration of filled dosimetric traps. This parametric 
equation D(n) must be inverted numerically to yield the dose response 
function n(D). 

The overall purpose of the present work is to derive a new analytical 
expression n(D) for the dose response curves in the irradiation stage of 
the 2T1R model, by using the Lambert function W. The specific goals of 
this paper are:  

• To develop the new analytical equation in the useful form n(D).  
• To study the behavior of the new equation n(D), by varying the input 

parameters in the model.  
• To fit previously published experimental data for the nonlinear dose 

response of various signals. 

This paper is organized as follows. Section 2 describes the previously 
published delocalized transition model by Bowman and Chen [12]. 
Section 3 presents the derivation of the new analytical equation n(D) for 
the dose response function of the dosimetric trap. Furthermore, the 
behavior of this new equation is studied by varying the physically 
meaningful parameters in the model. Section 4 discusses the combined 
effect of the irradiation and readout stages on superlinearity, within the 
context of the mixed order kinetics model (MOK). In section 5, experi-
mental data for several dosimetric materials are fitted using the new 
dose response equation. Section 6 contains a summary and general 
discussion of the new dose response equation, and the paper concludes 
with the Appendix containing some of the mathematical details in the 
model by Bowman and Chen [12]. 

2. Competition during the irradiation stage: the model of 
Bowman and Chen [12] 

In this section we consider the model of Bowman and Chen [12], 

which describes superlinear dose response as being a result of compe-
tition between two electron traps during the irradiation stage of a 
sample. Fig. 1 shows a schematic diagram of their two trap one 
recombination center model (2T1R), and the relevant electronic tran-
sitions during the irradiation of a sample. The differential equations 
governing the traffic of electrons between the two trapping levels, the 
recombination center and the conduction band (CB) and valence band 
(VB) in the 2T1R model are [1]: 

dn1

dt
=A1(N1 − n1)nc, (4)  

dn2

dt
=A2(N2 − n2)nc, (5)  

dnc

dt
=X − A1nc(N1 − n1) − A2(N2 − n2)nc − Ammnc, (6)  

dm
dt

= − Ammnc + Av(M − m)nv, (7)  

m+ nv = n1 + n2 + nc. (8) 

Here n1 (cm–3), n2 (cm–3) and m (cm–3) are the concentrations of 
electrons in the two traps and of holes in recombination centers 
respectively, and N1,N2, M (cm–3) are the total concentrations of the two 
trapping states and recombination center. nc (cm–3) and nv (cm–3) are 
respectively the concentrations of free electrons and holes. A1 (cm–3s–1), 
A2 (cm3s–1) are the trapping coefficient of electrons, Am (cm3s–1) the 
recombination coefficient of electrons, and Av (cm3s–1) is the trapping 
coefficient of holes in centers. X (cm–3s–1) is proportional to the dose- 
rate of excitation, and actually denotes the rate of production of 
electron-hole pairs by the excitation irradiation per unit volume per 
second. If the irradiation time is t, the dose received by the sample is D =

Xt (cm–1). Eqs. (4) and (5) express the trapping of electrons from the 
conduction band into the two traps. Eqs. (6) and (7) describe the rate of 
change of the concentration of electrons in the CB and of holes in the 
recombination center, respectively. Eq. (8) is the charge neutrality 
condition, assuming initially empty traps and centers. 

In this 2T1R model, the superlinear filling of the active trap N1 can be 
described qualitatively as follows. At low doses the excitation fills both 
traps linearly, while at a critical dose the competing trap N2 saturates, 
hence more electrons are made available to the trap of interest N1. This 

Fig. 1. The 2T1R model of Bowman and Chen [12], describing competition 
effects during the irradiation stage. Various electronic transitions are shown 
during the irradiation process. Transition X: Creation of electron-hole pairs by 
radiation. Transitions Av and Am: Trapping of holes and recombination of 
electrons at the recombination centers (RC). Transitions A1, A2: Trapping of 
electrons in the dosimetric and competitor trap. 
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causes a faster filling of this trap, with the transition region in the dose 
response curve above this critical dose appearing to be superlinear, 
before the dosimetric trap approaches saturation also. 

The above set of differential equations cannot be solved analytically 
and one uses the quasi-equilibrium (QE) assumption, to transform them 
into a single differential equation. Specifically, Bowman and Chen [12] 
used the QE assumptions, and found the solutions n1(t) and n2(t) in 
terms of the following implicit functions for D(n1) and n2(n1): 

D=N2
Am − A2

A2

⎡

⎢
⎣

(

1 −
n1

N1

)A2
A1
− 1

⎤

⎥
⎦+

A1 − Am

A1
n1 −

(N1 + N2)Am

A1
ln
(

1 −
n1

N1

)

(9)  

n2 =N2

{

1 −
(

1 −
n1

N1

)A2/A1
}

. (10) 

The first equation is a parametric equation in the form D(n1), in 
which one can enter any value of n1/N1 between 0 and 1, and evaluate 
numerically the corresponding dose D. Once the dose response function 
for the first trap n1(D) is obtained in this manner by using Eq. (9), the 
dose response function n2(D) of the second trap can be obtained from Eq. 
(10). These equations from the model by Bowman and Chen [12] are 
also derived in the Appendix Sections 7.1 and 7.2 of this paper, so that 
readers can refer to them easily. 

Our goal in this paper is to bring these two parametric equations into 
the more useful analytical dose response forms n1(D) and n2(D). 

In the next section, Eq. (9) is inverted and brought in the useful form 
n1(D), by using the Lambert function W(x). Once n1(D) is obtained in 
analytical form, then n2(D) is also obtained analytically by substituting 
into Eq. (10). 

3. Analytical equation for the dose response functions n1(D) and 
n2(D) of the two traps 

In the derivation that follows, we designate n1 as the concentration of 
trapped electrons in the competitor trap, and n2 as the concentration of 
trapped electrons in the dosimetric trap of interest. This designation is 
opposite to that used by Bowman and Chen [12], who designated n1, n2 
as the dosimetric and competitor trap respectively. The reason for this 
change in notation is so that a series expansion can be carried out in 
terms of the parameter A2/A1 in this paper, as will be shown below. 

Starting with the term (1 − n1/N1)
A2/A1 in Eq. (9), we write: 

(

1 −
n1

N1

)A2/A1

=

⎧
⎨

⎩
e

ln

(

1− n1
N1

)⎫
⎬

⎭

A2/A1

= e
(A2/A1)ln

(

1− n1
N1

)

. (11) 

By assuming A2/A1≪1, we carry out a series expansion for small A2/

A1, by using the approximation ex ≅ 1+ x: 

(

1 −
n1

N1

)A2/A1

= e
(A2/A1)ln

(

1− n1
N1

)

≅ 1 + (A2 /A1)ln
(

1 −
n1

N1

)

, (12)  

therefore 

(1 − n1/N1)
A2/A1 − 1 ≅ (A2 /A1)ln(1 − n1 /N1) . (13) 

Substituting Eq. (13) into Eq. (9), collecting terms and simplifying, 
we obtain: 

− (A2N2 +AmN1)ln(1 − n1 /N1) − N1(Am − A1)(n1 /N1)=DA1 . (14) 

We now introduce the trap filling ratio parameter x: 

x= n1/N1 , (15)  

so that Eq. (14) becomes: 

− (A2N2 +AmN1)ln(1 − x) − N1(Am − A1)x=DA1 , (16)  

ln(1 − x)+
N1(Am − A1)

A2N2 + AmN1
x= −

DA1

A2N2 + AmN1
. (17) 

We note that this equation is of the general algebraic form: 

ln(a+ bx)+ cx= lnd , (18)  

which has the analytical solution (see for example the websites dedi-
cated to the Lambert function [13,14]): 

x=
1
c

W
[

cd
b

exp
(ac

b

)]

−
a
b
. (19) 

By substituting a = 1 , b = − 1, c =
N1(Am − A1)
A2N2+AmN1

, lnd = − DA1
A2N2+AmN1 

or 

d = exp
(

− DA1
A2N2+AmN1

)

, we obtain: 

n1

N1
= 1 +

1
c

W
[

− cexp(− c)exp
(

− DA1

A2N2 + AmN1

)]

, (20)  

n1

N1
= 1 −

1
B

W[Bexp(B)exp(− D /Dc)] , (21)  

where we defined the two constants B, Dc such that: 

B= − c=
N1(A1 − Am)

A2N2 + AmN1
, (22)  

Dc =
A2N2 + AmN1

A1
. (23) 

Equation (21) is the desired analytical expression for the dose 
response function n1(D) of the first trap, which is designated the 
competitor trap. The dose response function n1(D)/N1 in this rather 
simple equation depends on only two parameters, the constants B and 
Dc, which are given by Eqs. (22) and (23) in terms of the 5 parameters 
Am, A1, A2, N1,N2 in the model. The parameter Dc has the same di-
mensions at the irradiation dose D, so that the ratio D/Dc in Eq. (21) is 
dimensionless. As seen from the definition in Eq. (22), the parameter B is 
also dimensionless. 

By substituting Eq. (21) in Eq. (10), we obtain: 

n2

N2
= 1 −

(
1
B

W[Bexp(B)exp(− D/Dc)]

)A2/A1

. (24) 

This is the new desired analytical expression for the dose response 
function n2(D)/N2 of the second trap, which is designated the dosimetric 
trap. The assumptions in deriving Eq. (24) and Eq. (21) are the QE 
conditions, and the additional condition A2/A1 < 1, which allowed the 
series expansion of Eq. (11) for small values of A2/A1. 

It is noted that Eqs. (21) and (24) are otherwise completely general, 
and that the overall dose response function in this model will depend on 
the numerical values of only three parameters appearing in these 
equations: B, Dc, A2/A1. 

Fig. 2a shows a plot of the dose responses n1/N1 and n2/N2, as a 
function of the normalized dimensionless dose D/Dc, using Eqs. (21) and 
(24). The numerical values of the parameters are A2/A1 = 0.1 < 1 and 
B = 10. Fig. 2b shows the same data in a loglog scale, and the super-
linear behavior is clearly seen. As the competitor trap approaches 
saturation (n1/N1→1), the dose response of the dosimetric trap n2/N2 
becomes superlinear. With this set of parameters, the series approxi-
mation used in the derivation is expected to be valid at all doses. 

The initial short linear range in the curve n2/N2 in Fig. 2a is followed 
by a range of superlinearity, which eventually becomes sublinear on its 
way to saturation. 

Fig. 3a shows a simulation of the dose response function n1(D)/N1 of 
the competitor trap, as a function of the normalized dose D/Dc. In this 
simulation the ratio A2/A1 is kept constant, while varying the 
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dimensionless parameter B in the model. Fig. 3b shows the corre-
sponding dose response function n2(D)/N2 of the dosimetric trap. As the 
competitor trap approaches saturation in (a), the behavior of the dosi-
metric trap in (b) becomes superlinear. The curves for B = 5,10 in this 
figure show superlinear behavior, while the curve with B < 1 shows the 
typical linear-to-saturation behavior. 

Fig. 4a shows the dose response function n2(D)/N2 of the dosimetric 
trap on a loglog scale, as a function of the normalized dose D/ Dc. The 
dimensionless parameter B is kept constant at B = 5 > 1, while varying 
the ratio A2/A1 in the model. The dose response function in (a) is clearly 
superlinear when A2/A1 < 1 , and becomes linear when A2/ A1 > 1. 

Fig. 4b shows the same simulation as in Fig. 4a, for a value of the 
parameter B = 0.9 < 1. No superlinearity phenomena are observed in 
(b). 

As could have been expected, the simulations show that the behavior 
of the dose response function n2(D)/N2 depends on the value of the 
parameters B and A2/A1. The simulations in Figs. 3 and 4 show that 
when both of the two conditions B > 1 and A2/A1 < 1 are satisfied, the 
dose response function n2(D) of the dosimetric trap is superlinear. When 
only one of these conditions is satisfied, the dose response is similar to 

the behavior of the traps in the OTOR model, i.e. a linear-sublinear- 
saturation behavior. This type of behavior was studied in detail in the 
recent OTOR paper by Pagonis et al. [9]. 

The new analytical equation developed in this section can be used to 
fit experimental dose response curves for ESR and OA data, since these 
signals are directly proportional to the dose response function n2(D) of 
the dosimetric trap. This raises the important question whether the new 
equations can also be used to fit experimental TL or OSL dose response 
curves, which are affected by both the irradiation and the readout stages 
in a luminescence experiment. 

As discussed in Pagonis et al. [9], when first order kinetics is prev-
alent during the readout stage, the dose response curves for the excita-
tion and readout stage will be identical. In such cases, the analytical Eq. 
(24) developed in this paper can be used to analyze experimental ESR, 
OA, TL and OSL data. It is important to keep in mind that the vast ma-
jority of TL dosimetric materials exhibit first order kinetics processes, 
and that there have been very few reports of non-first order kinetics 
behavior. This overwhelming prevalence of first order kinetics in nature, 
has been explained by Pagonis and Kitis [16], by simulating TL glow 
curves in the presence of many competitors. These authors showed that 

Fig. 2. (a) Plot of the dose responses n1/N1 and n2/N2, as a function of the 
normalized dose D/Dc, using Eqs. (21) and (24) and the model parameters A2/

A1 = 0.1 < 1 and B = 10. (b) The same data as in (a), on a loglog scale. As the 
competitor trap (n1/N1) approaches saturation, the dose response function of 
the dosimetric trap n2/N2 becomes superlinear. 

Fig. 3. (a) dose response function n1(D)/N1 of the competitor trap, as a func-
tion of the normalized dose D/Dc. The ratio A2/A1 is kept constant, while 
varying the dimensionless parameter B in the model. (b) The corresponding 
dose response function n2(D)/N2 of the dosimetric trap. As the competitor trap 
approaches saturation in (a), the behavior of the dosimetric trap in (b) becomes 
superlinear. 
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the physical origin of first order kinetics is the presence of competitors in 
a dosimetric material. As the number of competitors increases, the ki-
netic order tends towards first order. 

In the next section we discuss the combined effect of the irradiation 
and readout stages on the superlinearity of the dose response curves, 
before we proceed in section 5 to fit experimental ESR, OA, TL and OSL 
data. 

4. The effect of the readout stage on a superlinear dose response 

Chen et al. [15] discussed the two types of models usually employed 
for explaining the superlinear dose dependence of luminescence signals. 
The first type of model involves competition during excitation between 
trapping states, which causes the filling of the relevant trap or center to 
be superlinear. This is the type of model which was described in Fig. 1, 
and was discussed in the previous section. 

The second type of model deals with competition during the thermal 
or optical readout stage, producing a TL and OSL signal correspondingly. 
The readout stage may also result in a strong superlinearity, even if the 
filling of the trap and center in question are linear with the dose. Chen 
et al. [15] showed that both the irradiation stage and readout stage can 

cause superlinearity in multitrap models, resulting in a very steep 
superlinear behavior. These authors showed that the readout stage in-
troduces an additional amount of superlinearity. 

As an example of superlinearity occurring during both the irradiation 
and readout stages, in this section we consider the special case of mixed 
order kinetics (MOK). As discussed in the recent review paper by Kitis 
et al. [33] the luminescence intensity during the readout stage of the 
MOK model is described by the differential equation ([33]): 

I(t)= −
dn2

dt
=

Am

N2 A1
p(t) n2 (n2 +N1) . (25) 

In this expression, as in the rest of this paper, (n1,N1) and (n2,N2)

denote the concentrations of the competitor trap and dosimetric trap, 
respectively. This is the general differential equation for the mixed-order 
kinetics (MOK) model, which is the sum of the two terms, a linear term 
in the concentration n2, and a quadratic term ( n2)

2, corresponding to 
first and second order kinetics respectively. Furthermore, when the total 
concentration of competitors N1 becomes larger than the concentration 
of dosimetric traps n2 so that N1≫n2, then Eq. (25) becomes a first order 
kinetics equation. 

This can be rewritten in the more convenient form: 

I =
AmN2

A1
p(t)

n2

N2

(
n2

N2
+

N1

N2

)

. (26) 

In the 2T1R model, the trap filling ratio n2/N2 at the end of the 
irradiation stage is given by the analytical Eq. (24): 

n2

N2
= 1 −

(
1
B

W[Bexp(B)exp(− D/Dc)]

)A2/A1

. (27) 

By combining Eqs. (26) and (27), we obtain the following new 
analytical expression, which contains the superlinear dose response due 
to both the irradiation and readout stages in the MOK model: 

I = k
{

1 −
(

1
B

W[z]
)A2/A1

} (

1 −
(

1
B

W[z]
)A2/A1

+
N1

N2

)

, (28)  

z=Bexp(B)exp(− D /Dc) . (29)  

where k is a constant. Fig. 8a shows the plot of Eq. (28) for the MOK 
model, by varying the ratio N1/N2 and using the same model parameters 
B = 10, A2/A1 = 0.1 as in Fig. 2. 

As discussed previously by Chen et al. [15], the readout stage in-
troduces an additional amount of superlinearity, due to the presence of 
the additional quadratic term (n2/N2). In the MOK model, Eq. (28) 
shows that the extra amount of superlinearity depends on the parameter 
N1/N2. This is seen clearly in Fig. 8b, which shows the supralinearity 
index f(D), calculated for the dose response curves shown in (a). As the 
parameter N1/N2 increases in the direction of the arrow, the corre-
sponding supralinearity index f(D) decreases in a systematic manner. 

In conclusion, when a dosimetric material exhibits first order kinetics 
behavior during the readout stage, then one can use in principle the new 
analytical Eq. (24) to fit OA, ESR, TL and OSL dose response data. 

On the other hand, when a dosimetric material exhibits non-first 
order kinetic behavior, it may be possible to use Eq. (28) to fit the cor-
responding TL and OSL data; this equation contains the superlinearity 
effects resulting from both the irradiation and readout stages, at least 
within the MOK model presented here. 

However, one must keep in mind that as pointed out by Chen et al. 
[15], it is in general difficult to separate the superlinearity effects pro-
duced during the irradiation stage, from those due to the readout stage. 

5. Fitting of experimental data using the new analytical Eq. (24) 

In this section we fit experimental ESR, OA and TL data by using the 
new analytical Eq. (24). The best fit parameters for each of the examples 
in this section are given in Table 1. The values of B, A2/A1 and Dc for the 

Fig. 4. (a) dose response function n2(D)/N2 of the dosimetric trap on a loglog 
scale, as a function of the normalized dose D/Dc. The dimensionless parameter 
B is kept constant at B = 5 > 1, while varying the ratio A2/ A1 in the model. 
The dose response function in (a) is clearly superlinear when A2/ A1 < 1. (b) 
The same simulation as in (a), for B = 0.9 < 1. No superlinearity phenomena 
are observed in (b). 
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least squares fits in Figs. 5–7 are summarized in Table 1. The data in this 
Table shows that the conditions B > 1 and A2/A1 < 1 are indeed satis-
fied in all cases. This is an indication that using Eq. (18) to fit the 
luminescence intensity is consistent with the assumption of first order 
kinetics. 

Fig. 5 shows ESR,TL and optical absorption data for fused silica, by 
Wieser et al. [17]. The E’1 center is observed in all forms of quartz and 
silica, however these authors found an unexpected superlinear dose 
dependence of the E’1 center in fused silica. Previously a superlinear 
dose response in quartz had been observed with TL, but not with optical 
or ESR spectroscopy. They reported a superlinear increase of the E’1 
center concentration by irradiation, and compared their results with the 
growth of the correlated optical E-band absorption, and with TL mea-
surements which showed a correlation of the 415◦C glow to the E’1 
center. The solid lines in Fig. 5 represent least squares fits using the 
analytical Eq. (24). 

The Lambert-based equation in this paper describes well all three 
types of dose responses for this material: ESR, TL and OA. The values of 
the parameters of B and A2/A1 in Table 1 are very similar for the ESR, TL 
and OA data in Fig. 5, indicating a strong correlation between these 
three types of signals. 

In the example of Fig. 5 the nature of the trap is known (i.e. the E’1 
center in fused silica), while the nature of the competitor is unknown. 

A luminescence signal which has been studied extensively is the 
110◦C TL peak in different types of natural and synthetic quartz. This TL 

peak has been shown in many studies to follow first order kinetics, and 
we would therefore expect that its dose response would be described by 
Eq. (24). 

Fig. 6 shows data from Fig. 2A of Charitidis et al. [18]. These authors 
studied synthetic quartz samples which were annealed at several tem-
peratures in the range 600–900◦C before measuring the dose response of 
the 110◦C TL peak in quartz. Fig. 6 shows the dependence of the 
superlinear behavior on the firing temperature. The experimental data 
are fitted with the new Lambert equation, with the best fits shown as 
solid lines. It is concluded that the new analytical Eq. (24) describes well 
the variation of the superlinear dose response with the annealing tem-
perature in synthetic quartz. 

It is interesting to note that the values of the parameters of B and A2/

A1 in Table 1 vary in a systematic manner for the quartz annealed at 600- 
700-800◦C, while the best fit parameters for quartz annealed at 900◦C 
do not follow the same systematic pattern. The cause for this disagree-
ment is not clear, and could be an artifact of the fitting procedure. 

In the example of Fig. 6 the nature of the trap and centers in some 
types of quartz have been identified. For example, the experimental 
work by Yang and McKeever [19] showed that the 110◦C TL peak in 
crystalline quartz is due to the recombination of electrons released from 
(GeO4)– centers with holes trapped at (AlO4)0 centers and at (H3O4)0 

centers. The competitor traps and centers in quartz are commonly 
assumed to be one of the deep electron traps or centers corresponding to 
the higher temperatures in the glow curve (see for example Chapter 9 in 
Ref. [1], for comprehensive quartz models available in the literature). 

As a third example of fitted experimental data, Fig. 7 shows curves 1- 
2-4 from Nikiforov et al. [20], their Fig. 7. These authors measured the 
TL dose response characteristics of anion deficient aluminum oxide 
single crystals. Crystals (1, 2) in Fig. 7 correspond to two samples with 
low initial sensitivity, and crystal (4) to a sample with high initial 
sensitivity to beta radiation. The heating rate for these measurements 
was 6 K/s. Once more, the new analytical Eq. (24) describes well the 
variation of the superlinear dose response for the different samples of 
anion deficient aluminum oxide crystals. 

In the example of Fig. 7 and as discussed in the experimental work by 
Nikiforov et al. [20], the luminescence mechanism includes the main 
dosimetric trap, a competing deep electron trap, and the luminescence 
center which is known to represent an F+ center in anion deficient 
aluminum oxide. The TL intensity in the dominant emission band at 420 
nm is associated with the capture of delocalized electrons by F+ centers. 

Table 1 
Summary of the best fitting values B,A2/A1, Dc obtained by using Eq. (24) to fit 
the experimental data in Figs. 5–7.  

Figure in this paper Type of data B A2/A1  Dc (Gy)  

5 ESR 3.22 0.020 266.7 
5 TL 3.56 0.024 94.3 
5 OA (α) 3.95 0.028 434.8 
6 (600◦C) TL 13.9 0.015 2.18 
6 (700◦C) TL 9.67 0.039 2.39 
6 (800◦C) TL 7.50 0.716 8.0 
6 (900◦C) TL 4.35 0.0086 0.25 
7 (Crystal 1) TL 1.26 0.21 0.24 
7 (Crystal 2) TL 6.87 0.030 0.051 
7 (Crystal 4) TL 2.89 0.10 0.12  

Fig. 5. Superlinear dose dependence of the E’1 center concentration (ESR), TL 
and OA signals in fused silica [17]. The growth of the E’1 center concentration 
was measured using ESR spectroscopy, and is correlated with the growth of the 
optical E-band absorption, and with TL measurements of the 415 ◦C glow peak. 
The solid lines represent the fits using Eq. (21), with the best fit parameters 
given in Table 1. 

Fig. 6. Data from Fig. 2A of Charitidis et al. [18], showing the superlinear 
behavior of the 110◦C TL peak in fired synthetic quartz. The samples were 
annealed at several temperatures in the range 600–900 ◦C. The experimental 
data are fitted with the new Lambert Eq. (21), (solid lines), with the best fit 
parameters given in Table 1. 
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The competitor traps are commonly assumed to be one of the deep 
electron traps or centers corresponding to the higher temperatures 
observed in the glow curve. 

The actual luminescence mechanism in the above three examples are 
of course much more complex than the simple model proposed in this 
paper. However it is very encouraging that the superlinear behavior of 
the ESR, OA and TL signals in these dosimetric materials can be 
described well by the new analytical Eq. (24). 

6. Discussion, summary and conclusions 

We conclude this paper with a general discussion of the nonlinear 
dose response of dosimetric materials. The dose dependence of TL, OSL 
and ESR signals in the high dose region exhibits many different types of 
nonlinear dependence. 

If we consider only the very simple OTOR model, a linear-saturation 
behavior is always expected. This case has been studied in detail in 
Pagonis et al. [9], who found the analytical equation for the trap filling 
ratio n/N: 

n(D)

N
= 1 −

1
R − 1

W[(R − 1)exp(R − 1 − D /Dc)] . (30) 

In this OTOR model, the function n(D)/N depends only on two pa-
rameters, i.e. on the retrapping ratio R and on the dose scaling constant 
Dc. The parameter Dc has the same units as the dose D, and depends on 
the physical properties of the material. 

In real materials several trapping states and recombination centers 
exist, which take part in the irradiation and readout stages. The effects of 
competition can explain a wealth of different dose responses associated 
with TL, OSL, ITL, OA and ESR signals. As far as superlinear dose 
dependence is concerned, it has been shown that competition during 
excitation can yield one kind of behavior, while competition during 
read-out yields another kind of dependence. Simulations have also 
shown the combined effect of both kinds of competition (see for example 
[1]). In this paper it was shown that in the 2T1R model, the superlinear 
dose response function can be described by the analytical equation: 

n2

N2
= 1 −

(
1
B

W[Bexp(B)exp(− D/Dc)]

)A2/A1

. (31) 

In this 2T1R model, the function n2(D)/N2 depends on three pa-
rameters, i.e. on the dimensionless constant B, on the ratio of trapping 
coefficients A2/A1 of the two competing traps, and on the dose scaling 
constant Dc. The parameter Dc has the same units as the dose D, and the 
other two parameters B, A2/A1 are dimensionless. 

As discussed in Section 4, when a dosimetric material exhibits non- 
first order kinetic behavior, it may be possible to use the following 
analytical equation to fit the corresponding TL and OSL data: 

I = k
{

1 −
(

1
B

W[z]
)A2/A1} (

1 −
(

1
B

W[z]
)A2/A1

+
N1

N2

)

, (32)  

z=Bexp(B)exp(− D /Dc) . (33) 

This equation was developed within the MOK model, and contains 
superlinearity effects resulting from both the irradiation and readout 
stages in a TL/OSL experiment. 

By using the analytical equations developed in this paper, it is 
possible to develop new analytical equations for the superlinearity index 
g(D), as well as for the supralinearity index f(D). These results will be 
presented elsewhere due to their algebraic complexity, and they will 
also be compared with additional experimental data in the literature. 

In the literature one also finds two alternative modeling approaches 
to the analytical equations and model presented in this paper. These are 
the track structure theory (TST), and the unified interaction model 
(UNIM). TST was introduced by Katz and collaborators in the 1960s 
[21–25], and is a model based on statistical considerations involving the 

Fig. 7. Curves 1-2-4 from Nikiforov et al. [20], showing dose characteristics of 
3 different anion deficient aluminum oxide single crystals (their Fig. 7). Crystals 
1 and 2 have low initial sensitivity to irradiation, while crystal 4 has high initial 
sensitivity. The heating rate is 6 K/s. The experimental data are fitted with the 
new Lambert Eq. (21), (solid lines), with the best fit parameters given 
in Table 1. 

Fig. 8. (a) The effect of the parameter N1/N2 on the superlinear dose response 
of the TL signal in the MOK model (readout stage). (b) The supralinearity index 
f(D) calculated for the dose response curves shown in (a). 
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cumulative Poisson distributions for a single and multiple hit in-
teractions occurring during irradiation of a sample. The UNIM model is 
based on a combination of localized and delocalized recombination 
mechanisms, which are prevalent at different dose regimes [26,27]. 

The advantages of the analytical equation developed in this paper 
are: the Lambert-based equation is simple, it contains physically 
meaningful parameters, it can be very easily adopted for various soft-
ware, and can be used on an empirical basis to describe superlinear 
behavior of ESR, TL, OSL and OA data. An extensive application of the 
new Lambert Eq. (24) to describe published experimental data for these 
different types of signals will be presented in a future publication. 
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Appendix 

In this Appendix we reproduce the analytical considerations in the model by Bowman and Chen [12], for easy reference. Specifically we derive Eqs. 
(9) and (10), which are the starting points of the analytical evaluations in this paper. 

Derivation of Eq. (10) in this paper 

We first evaluate n1 as a function of n2. From equations (4) and (5): 

dn2

A2(N2 − n2)
=

dn1

A1(N1 − n1)
. (34) 

Integrating the two sides from n’
2 = 0 to n2 , and from n’

1 = 0 to n1 respectively: 

1
A2

ln
(

N2 − n2

N2

)

=
1
A1

ln
(

N1 − n1

N1

)

, (35)  

ln
(

N2 − n2

N2

)

= ln
{(

N1 − n1

N1

)A2/A1
}

, (36)  

1 −
n2

N2
=

(

1 −
n1

N1

)A2/A1

, (37)  

n2 =N2

{

1 −
(

1 −
n1

N1

)A2/A1
}

. (38) 

This is Eq. (10) in this paper. 
Derivation of Eq. (9) in this paper. 
Starting from the charge conservation Eq. (8), and assuming QE conditions nc≪n1 + n2 and nv≪m we obtain: 

m≃ n1 + n2 . (39) 

Substituting n2 from Eq. (38): 

m≃ n1 + n2 = n1 + N2

{

1 −
(

1 −
n1

N1

)A2/A1
}

. (40) 

Using the QE condition dnc/dt ≅ 0 in Eq. (6), we obtain: 

nc =
X

Amm + A1(N1 − n1) + A2(N2 − n2)
. (41) 

Substituting this value of nc in Eq. (4): 

dn1

dt
=A1(N1 − n1)

X
Amm + A1(N1 − n1) + A2(N2 − n2)

, (42)  

dn1

A1(N1 − n1)
[Amm+A1(N1 − n1)+A2(N2 − n2)]=Xdt . (43) 

Substituting the value of m = n1 + n2 from Eq. (40): 

dn1

A1(N1 − n1)
[Am(n1 + n2)+A1(N1 − n1)+A2(N2 − n2)]=Xdt , (44)  

dn1

A1(N1 − n1)
[n1(Am − A1)+ n2(Am − A2)+A1N1 +A2N2] =Xdt . (45) 

Substituting the value of n2 from Eq. (38): 
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dn1

A1(N1 − n1)

[

n1(Am − A1)+N2

{

1 −
(

1 −
n1

N1

)A2/A1
}

(Am − A2)+

+A1N1 +A2N2] = Xdt . (46) 

The two sides of this differential equation for n1(t) can now be integrated with the initial condition n1(0) = 0 at time t = 0, to obtain: 

D=N2
Am − A2

A2

⎡

⎢
⎣

(

1 −
n1

N1

)A2
A1
− 1

⎤

⎥
⎦+

A1 − Am

A1
n1 −

(N1 + N2)Am

A1
ln
(

1 −
n1

N1

)

. (47)  

where D = Xt represents the dose received by the sample. This is Eq. (9) in the paper by Bowman and Chen [12], and also Eq. (9) in this paper. 

Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.jlumin.2020.117553. 
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